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Abstract The theory of Whittaker functors for GL„ is an essential technical tools in 
Gaitsgory's proof of the Vanishing Conjecture appearing in the geometric Langlands corre- 
spondence ( 5 ). We define Whittaker functors for GSp 4 and study their properties. These 
functors correspond to the maximal parabolic subgroup of GSp 4 , whose unipotent radical is 
not commutative. 

We also study similar functors corresponding to the Siegel parabolic subgroup of GSp 4 , 
they are related with Bessel models for GSp 4 and Waldspurger models for GL 2 . 

We define the Waldspurger category, which is a geometric counterpart of the Waldspurger 
module over the Hecke algebra of GL2. We prove a geometric version of the multiplicity one 
result for the Waldspurger models. 

1. Introduction 

1.1 Whittaker and Bessel models are of importance in the theory of automorphic representations 
of GSp 4 . This paper is the first in a series of two, where we study some phenomena corresponding 
to these models in the geometric Langlands program. 

The theory of Whittaker functors for GL„ is an essential technical tool in Gaitsgory's proof 
of the Vanishing Conjecture appearing in the geometric Langlands correspondence (0). First 
part of our results is an analog of this theory for GSp 4 . 

Let us first remind some facts about automorphic forms on G = §p 4 . Let X be a smooth 
projective absolutely irreducible curve over ¥ q , F = ¥ q (X) and A be the adeles ring of F. Let B 
be a Borel subgroup of G and U C B its unipotent radical. For a character tp : U(F)\U(A) — > C* 
one has a global Whittaker module over G(A) 

WM^ = {/ : U(F)\G{A) -► C | f(ug) = ip{u)f(g) for u € [7(A), / is smooth} 

Let A CU sp{G(F)\G(A)) be the space of cusp forms on G(F)\G(A). The usual Whittaker 
operator : A cusp (G(F)\G(A)) -> WM^ is given by 

W^(f)(g) = [ f{ug)^{u- l )du, 

JU(F)\U{A) 

where du is induced from a Haar measure on U(A). Whence for GL n (and generic tp) the 
operator Wf is an injection, this is not always the case for more general groups. There are 
cuspidal automorphic representations of §>p 4 that don't admit a ^- Whittaker model for any tp. 
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Recall that A CU sp(G(F)\G(A)) decomposes as a direct sum 



A cusp (G(F)\G(A)) = h{H 2 ) © I 4 (H 3 ) © I 5 (H 4 ) 



(1) 



in the notation of (|10|. Sect. 1.3, p. 359), the summands being G(A)-invariant 1 . The decom- 
position is orthogonal with respect to the scalar product 



where dx is induced from a Haar measure on G(A). 

For any / G A cusp (G(F)\G(A)) its ^-lifting to 0(2)(A) vanishes (loc.cit, Corolary 2 to 
Theorem 1.2.1). By definition, I±(H%) © h{H^) (resp., I*,(H±)) are those cuspidal forms whose 
^-lifting to ©4(A) (resp., to 04(A) and ©6 (A)) vanishes. Here ©2 r is the orthogonal group 
defined by the hyperbolic quadratic form in a 2r-dimensional space. 

The space I§(H^) is also the intersection of kernels of for all ip. It is known as the 
space of hyper-cuspidal forms on G(F)\G(A) (j^j, Definition on p. 328). Another description of 
H{Hi) is as follows. Let Pi C G be the parabolic preserving a 1-dimensional isotropic subspace 
in the standard representation V of G, U\ C Pi be its unipotent radical, Uq the center of U\. 
Then / G A cusp (G(F)\G(A)) lies in h(H±) if and only if 



for all g G G(A). 

If V C V is a 2-dimensional subspace such that the symplectic form on V restricts to a non 
degenerate form on V then let H C G = Sp(V) be the subgroup of those g G G that preserve 
and act trivially on V . Then / G A cusp {G{F)\G(A)) lies in h(H 3 ) © h(Hi) if and only if 



for all g G G(A) (loc.cit., Section 3). Note that H — > SL2. 

1.2 In the geometric setting we work with G = G§p 4 (over an algebraically closed field of 
characteristic p > 2). For a scheme (or a stack S) write D(S) for the derived category of ^-adic 
etale sheaves on S. 

Let Bun^ be the stack of G-bundles on X. Inside of the triangulated category D cusp (BunG') 
of cuspidal sheaves on Bung we single out a full triangulated subcategory D/j CUSp (BunG) of 
hyper-cuspidal sheaves. Both they are preserved by Hecke functors. So, a natural step in the 
geometric Langlands program for G is to understand the Hecke action on D/ lcusp (BunG) and on 
D cusp (Bun G )/ D ftcuS p(Bun G ). 

In loc.cit. F is a number field, but Q holds also over function fields. 
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The category D cnsp (BunG) is equiped with the 'scalar product', which is an analogue of @, it 
sends K\,K2 to RHom(.Ki, K2). The (left and right) orthogonal complements - 1 D/ lcnsp (Bun ( 5), 
D/ lcusp (Bunc)- L C D cusp (BunG') are also preserved by Hecke functors. 

A G-bundle on X is a triple: a rank 4 vector bundle M on X, a line bundle .4 on X, and 
a symplectic form A 2 M — > ^4. Let a : Q\ — > Bun^ be the stack over Bung whose fibre over 
(M, .A) consists of all nonzero maps of coherent sheaves M, where is the canonical line 
bundle on X. 

We introduce the notion of cuspidality and hyper-cuspidality on Qi, thus leading to full 
triangulated subcategories D/j CUSp (Qi) C D cusp (Qi) C D(Qi). 

Then we describe D cusp (Qi)/ ~Dhcusp(Qi) i n terms of geometric Whittaker models. Namely, 
we introduce a stack Q (it was denoted by y in jSJ) and a full triangulated subcategory T> w (Q) C 
D(Q). Our D (Q) is a geometric analog of the space WMf. 

We define Whittaker functors that give rise to an equivalence of triangulated categories 

W : T> aup (Q l )/D hcuv {Q 1 )^ B W (Q) (3) 

The Hecke functor H 7 corresponding to the standard representation of the Langlands dual 
group GSp 4 acts on all the categories mentioned in Sect. 1.2. Moreover, the equivalence 
(j3J) commutes with H 7 . The restriction functor 

a* : D cnsp (Bun G )/D/ lcusp (Bun G ) -> D cnsp (Qi)/ D ftcusp (Q 1 ) 

also commutes with H 7 . As in the case of GL n (0, Theorem 7.9), the advantage of Q over 
Bunc is that the functor H T : D(Q) ^ D(X x Q) is right-exact for the perverse t-structures. 

The essential difference with GL n case is that the Whittaker functor W : D(fii) -> D W (Q) 
is not exact for the perverse t-structures. We can only indicate full triangulated subcategories 
^cusp(Qi) C D cusp (Qi) C D(Qi) such that the restriction of W yields an equivalence 

D c ^ p (Qi)-D w (Q) 

of triangulated categories. Then J2J) follows from the fact that the natural inclusion functor 
induces an equivalence of triangulated categories 

This is the content of Sect. 2-6. 

1.3 The stack Q\ corresponds to the parabolic subgroup P\ C G. In Sect. 7 we define functors 
similar to the Whittaker ones for the Siegel parabolic subgroup P C G. They are related to 
Bessel models 2 for G. 

The general idea behind is that various Fourier coefficients of automorphic sheaves carry 
additional structure coming from the action of Hecke operators. 

2 Bessel models will be studied in the second paper of this series. 



3 



Let az '■ Z\ — ► Bung be the stack whose fibre over (M, .A) is the scheme of isotropic 
subsheaves L2 C M, where L2 is a locally free Ox-module of rank 2. The open substack Bunp C 
Z\ is given by the condition that L2 is a subbundle. Then Bunp is the stack classifying: a rank 
2 bundle L2 on X, a line bundle A on X, and an exact sequence -> Sym 2 L 2 -►? -> A -» 0. 

Let <S ex denote the stack classifying: a rank 2 vector bundle L2 on X, a line bundle A on X, 
and a map Sym 2 L2 — > A <8> Write Bunj for the stack of rank i vector bundles on X. Then 
Bunp and S ex are dual (generalized) vector bundles over Bun 2 x Bun!, so we have the Fourier 
transform functor Four : D(Bunp) — > D(5 ex ). 

For a complex K G D(Bungr) its Fourier coefficient with respect to the Siegel parabolic is, 
by definition, Fs ex (K) = Four(ET |buh p )- If K is a Hecke eigen-sheaf on Bung then Fs ex (K) 
satisfies some additional property (cf. Proposition IT2|) . which is a consequence of the following 
result. 

Let %2,ex Z\ be the stack whose fibre over a point (L2 C M, A) E Z\ is the space 
Hom(Sym 2 L2, A® Q). We define a full triangulated subcategory D (i%,ea;) C D(^2,ex) singled 
out by some equivariance condition. Then we establish an equivalence of triangulated categories 

WZ:D(Z 1 )^B w (Z2, ex ), 

which is exact for perverse t-structures. The Hecke functor H 7 acts on both categories and 
commutes with this equivalence. Our D w \Z2 fi x) is a way to think about the Fourier coefficients 
F$ ex (K) together with an action of Hecke operators. 

One also has a notion of hyper-cuspidality on Z\ and Z2, e x leading to full triangulated 
subcategories ^hcusp{Z\) C ~D(Z{) and ^Ycuspi^) C D (i^ex) preserved by H 1 . The functor 
WZ induces an equivalence 

V hcusp {Zi)^ B^ cusp (Z 2 ) 

A complex K G D(Bunc) is hyper-cuspidal if and only if a* z K is hyper-cuspidal. 

1.4 In a sense, Bessel models for G is a way to think about the Fourier coefficients Fs ex {K) of 
automorphic sheaves K € D(Bunc) in terms of the Waldspurger models for GL2 (B.)- This is 
our motivation for the study of these Walspurger models in Sect. 8, which is independent of the 
rest of this paper. 

The following background result is due to Waldspurger ( Lemma 8). Set F = ¥ q ((t)) 
and O = ¥ q [[t]]. Let F be an etale F-algebra with dimp(i ? ) = 2 such that ¥ q is algebraically 
closed in F. Let O be the integral closure of O in F. We have two cases: 

• F^+W q ((t%)) (the nonsplit case) 

• F^F F (the split case) 

Write GL(F) for the automorphism group of the F-vector space F, and GL(0) C GL(F) for 
the stabilizor of O. Fix a nonramified character x '■ F*/(D* — * Q|. Denote by Xc '■ F*/0* — > Q* e 
the restriction of x- The Waldspurger module is the vector space 

WA X = {/ : GL(F)/GL(0) -» Q £ | /(nx) = %(u)/(x) for u G F*, 

/ is of compact support modulo F*} 
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The Hecke algebra 

H Xc = {h : GL(6)\ GL(F)/ GL(O) -► Q e \ h(ux) = Xc(u)h{x) for u G F*, 

/i is of compact support} 

acts on WA X via 

h G H Xc , / G WA X - (h* f)(g) = f h(x)f(gx- 1 )dx, 

J GL(F) 

where dx is the Haar measure of GL(i ? ) such that the volume of GL(O) is one. Then WA X is a 
free module of rank one over H Xc (mutilpicity one for Waldspurger model). 

We prove a categorical version of this. Namely, the affine grassmanian Gr^, := GL(i ? ) / GL(O) 
can be viewed as an ind-scheme over ¥ q equiped with an action of the group scheme F*. Pick 
a 1-dimensional (Q^- vector space E x for each x G Spec F. We introduce Waldspurger category of 
those 0*-equivariant perverse sheaves on Gr^, that change under the action of each uniformizor 
t x G F*/(D* by Ex (for each x G SpecF). This is a geometric counterpart of WA X . 

The nonramified Hecke algebra for GL2 also admits a geometric counetrpart, the category 
Sph(Gr^,) of GL2(0)-equivariant perverse sheaves on Gr^,. This is a tensor category equivalent to 
the category of representations of GL2 (7.)- ^ acts on the Waldspurger category by convolutions. 

Actually we work with a global version P E (Wald^) of the Waldspurger category (in geometric 
setting we replace ¥ q by an algebraically closed field k of characteristic p > 2). The input data 
for our definition of P s (Wald£) is a two-sheeted covering ir : X — > X ramified at some divisor 
D-n on X, a point x G X, and a rank one local system E on X . Here X and X are smooth 
projective curves over k (with X connected). 

Objects of P B (Wald£) are some perverse sheaves on a stack Wald^, which is a global model 
of 'the space' of i ? *-orbits on Gr^,. By definition, Wald^ classifies collections: a rank 2 vector 
bundle Lou X, a line bundle B on 7T i^X — x), and an isomorphism tt*13 — > L \x—x- 

Our main result here is Theorem 0] describing the action of Sph(Gr^,) on irreducible objects of 

P E (Wald^). It implies the above cited multiplicity one for the Waldspurger models. This circle 
of ideas is very much inspired by [I]. Note that, to the difference with the case of Whittaker 
categories studied in loc.cit., the category P^Wald^:) is not semi-simple. 

2. Whittaker categories 

2.1 Notation Let k denote an algebraically closed field of characteristic p > 2. All the schemes 
(or stacks) we consider are defined over k. Let A be a smooth projective connected curve. Fix 
a prime I 7^ p. For a scheme (or stack) S write D(5) for the bounded derived category of ^-adic 
etale sheaves on S, and P(S) C D(S*) for the category of perverse sheaves. 

Fix a nontrivial character tp : F p — > and denote by the corresponding Artin-Shreier 
sheaf on A 1 . The Fourier transform functors will be always normalized to preserve perversity 
and purity. 
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Let G = GSp 4 , so G is the quotient of G m x §p 4 by the diagonally embedded {±1}. Denote 
by G the Langlands dual group to G (over Qi). We use the following notation from (jSj, example 
2 in the appendix). The group G is realized as the subgroup of GL(A; 4 ) preserving up to a scalar 
the bilinear form given by the matrix 

( E 2 \ 
\-E 2 J ' 

where E 2 is the unit matrix of GL2. 

Let T be the maximal torus of G given by {(yi, • • • , 2/4) | ViU2+i does not depend on i}. Let 
A (resp., A) denote the coweight (resp., weight) lattice of T. Write V x for the irreducible 
representation of G of highest weight A. 

Let £j £ A be the character that sends a point of T to yi. We have A = {(cti, . . . , 04) £ Z 4 | 
a« + a2+« does not depend on i} and 

A = Z A /{h + h ~ h - e 4 } 

Let Pi C G be the parabolic subgroup preserving the isotropic subspace ke±. Let P 2 C G 
denote the Borel subgroup preserving the flag ke\ C ke\ ke 2 of isotropic subspaces. Here {ej} 
is the standard basis of k 4 . Let Ui be the unipotent radical of Pi and M\ = P\/U\. 

The simple roots are a% = e% — e 2 and a 2 = e 2 — e 4 . The half sum of positive roots of G is 
denoted by p G A. 

Let P C G denote the Siegel parabolic preserving the lagrangian subspace ke\ © ke 2 C k 4 . 
Let U C P be its unipotent radical and M = P/U. 

Set 7 = (1, 1;0,0) € A, this is the dominant coweight corresponding to the standard repre- 
sentation of G^> GSp 4 . Fix fundamental weights uj\ = (1,0,0,0) and Cu 2 = (1, 1,0,0). So, V U1 
is the standard representation. The orthogonal to the coroot lattice is ZcDo with uiq = (1, 0, 1, 0). 

Note that the symplectic form A 2 V U11 — > V 1 ^ induces an isomorphism detV^ 1 ^ (y^o)®2_ 

2.2 Hecke functor Let Bun^ denote the stack of G-bundles on X. For a G-bundle Tq let 
M = , W = and A = . In this way Bun^ becomes the stack classifying the data: a 
line bundle A on X, a vector bundle M of rank 4 on X with a symplectic form A 2 M — > ^4. The 
exact sequence 

-> W -> A 2 M ^.4^0 

splits canonically. 

Denote by 7^g the stack of collections: J-js, JF 7 , e Bun^ and ^3 

is in the position 7 with respect to T' G . In other words, we have A' = 
diagrams commute 

A 2 M' -» 4' 

T T 

A 2 M -> A 



-* \x-x such that 
A(x), M C M', the 
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and 

detM' ^ A' 2 

T T 

detM =J „4 2 

and M/M'(—x) C M'/M'(—x) is a lagrangian subspace. 

We have a diagram Bung- TLg Bunc where the map p (resp., q) sends the above 
collection to Tg (resp., F' G ). Let supp : TLg —> X he the map sending the above point to x. 
Note that q is smooth of relative dimension 1 + (7, 2p). Let 

H : D(Bun G ) -» D(X x Bun G ) 

denote the Hecke functor corresponding to 7, that is, 

R(K) = (supp xp),q*^ ® Q^)[ir +(7 * 2/5> 



2.3 Drinfeld COMPACTIFICATIONS We fix a particular T-torsor on X with trivial conductor 
(Ft,^) by requiring Cp^il. The pair (jF r ,a)) with this property is defined up to a unique 
isomorphism, and we have Cp ^? and £^ ^ 

For A; = 1,2,3 define the stack Q k as follows. It classifies a point ,F G G Bun G together with 
sections ti,...,tk satisfying Plucker relations, where 

ti : tt ^ M 

t 3 ■. n- 1 ^ A 

It is understood that Plucker relations are empty for k = 1, and for k = 2, 3 they mean that, at 
the generic point of X, the sections t±, . . . , t k come from a i?-structure on Tq. 

Set Q = Q3. Let also Qk,ex be the stack defined in the same way as Q k with the only 
difference that the last section t k is not necessairy an inclusion (here 'ex' stands for 'extended'). 
So, Qk C Qk,ex is an open substack. 

Denote by n k+ljk : Q k+1 -> Q k and vr fc+ i ifcje:E : Q k +i, e x -> Qfc the natural forgetful maps. 

For each we have the diagram 

Pk.ex st, C|fc,ex 

^zlk,ex < ^lk,ex ^Bung * =s£fc,ea;) 

where we used the map p : T^g — > Bun G in the definition of the fibred product, p k ^ ex is the 
projection, and c\ kjex sends a point of Q k:ex Xb U ii g TLg to {Tq, t'^ . . . , t' k ) with t\ being the 
compositions 

t x : -> M ^ M' 

t 2 : n -»• w W 
ts-.n- 1 ^A^ A' 
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For k = 1,2,3 we have the functor H Qfe - e:c : B(Q kjex ) — > D(X x Qfc ie:E ) given by 

The restriction of q^^ to Qfc x Bung Wg factors through Qfc C Qfc.ea;- So, we also have 
diagrams 

Qk ^~ Qk XBun G Qjt, 
where pfc (resp., q^) is the restriction of pfc jea; (resp., of q^es)- For k = 1,2,3 denote by 

H«* : D(G fc ) -> D(X x Q k ) 

the functor given by 

H^(iT) = (su P pxp fc ),q^^Q,(^)[l] 0<7 ' 2/5> (4) 
The projection a : Qi — > Bunc fits into the diagram 

| a | | a 

Bun G £ H G S Bun G , 

in which the left square is cartesian. So, (id xa)* o H ^ H^ 1 o a* [l](i) naturally. Over the open 
substack of Bun G given by Ext 1 (Q, M) = 0, the map a : Q% — > Bun G is smooth. 

2.4 Let 7To,i,ex '■ Qo,ex — ► Qi be the vector bundle with fibre consisting of all sections to : f2 — > A. 
Let io : Q\ —> Qo,ex denote the zero section and j : Qo C Qo,ex its complement given by: to is 
an inclusion. 

We have the diagram 

^i0,ex — ► WiO.ea; ><Bun G /IG feiO.ea;! 

where we used p : TCg — ► BunG in the definition of the fibred product, po,ez is the projection, 
and qo,ex sends a point of Qo,ex x Bun G 7~Lg to (J^, i' , Here, as above, t[ are the compositions 

t -.n^A^A' 

Restricting, one gets the diagram Qo -4 Qo x Bun G "^G Qov The functors 

H Qo, e , . D(Q , e x) -» D(X x Q 0iea; ) 
and H So : D(Q ) DpT x Q ) are defined as in ©. 
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Remark 1. For any K € D(Qo, e x) we have a natural isomorphism of distinguished triangles 
j$fo{j*K) -» H S °.-(K) (i )*H gl (^) 

I I id I 

j! j* H^ ' 01 (K) -> E.^(K) -► (i )J* R®°^(K) 

2.5 Categories to construct We will introduce triangulated categories T> w (Q k ) (resp., 
D w (Qk,ex)) of sheaves on Qk (resp., on Qk, e x) for k = 0, 1, 2, 3 (resp, for fc = 0, 2, 3). 

Each T) w (Qk) will be a full triangulated subcategory of D(Qfc) defined by the condition that 
K € D w ' (Qk) if its perverse cohomology belong to a certain Serre subcategory P w (Qk) singled 
out by some equivariance condition; and similarly for D w (Qkex)- 

Though we don't reflect this in the notation, all our equivariant categories (except T) w (Qi)) 
will depend on the character ip. 

2.6 Let y € X be a closed point. For k = 1, 2 let Q y k C Qk be the open substack given by the 
condition that neither of the maps ti, . . . , tf. has zero at y. 

If (J^q^i, . . . is a point of Q^ then over the formal disk D y at y we obtain a i-fc-torsor 
Tp k ■ Let -ZVfc )2/ — > be stack whose fibre over a point of Q y k is 

H°(D*, ^ Pfc x Pfc U k ) 

This is an ind-groupscheme over QV, it can be represented as a union of group schemes 

for i 6 N, where l Nk jV N k>y is a closed immersion, and l Nk :y /°Nk }y is of finite type over 

Q y k for i > 0. We assume that the fibre of °Nk :V — ► is 

H°(£> w , ^P fc x Pfc C4) 

Let Wfc,^ — ► denote the stack over Q\ with fibre N Ky /°N Ky . This is an ind-scheme over 
Q y k , and we have 

where 1 pr fc : l l~ik,y — > is the stack with fibre % N^ y /°Nk,y 

2.7 Groupoids As in (jHj, sect. 4.3) one endows l~tk,y with the structure of a groupoid over 
Q k . We denote by 

' act fc : ir Hk, y -> Qfe 

the restriction of the action map. 

For fc = 1,2 define the open substack Q v k+l ex C Qfc+i, ex as Q| +l ea; = Qfc x Q fe Sfc+i.e*- The 
groupoid 7Yfc,j, — » Q y k "lifts" to Q^ +1 ex - In other words, 
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has a structure of a groupoid over Q^ +1 ex (we used the projections to define the above fibre 
product). Moreover, the diagram is cartesian 



H k,y x & k Qfc+i,ex 

I id XTfc+l.fc.ei 



act 



act 



k+l,ex 



Denote by 

l act ktex : l H k , y Xqv Q k+1:CX -> Q fc+ i,ez 

the action map. 

Let 2o,ez c 2o,ez be the preimage of Q\ under -k^i^x ■ Qo,ex ->■ Si- The groupoid ^1,2, -> 
"lifts" to Qoex i n the same sense as above. 

2.8 We single out the subgroupoid Ho, y C T~Li,y as follows. 

Let Uq C f/i denote the center of U\. The exact sequence 1 — > E/o — > C7i — > U\/Uq — > 1 does 
not split, we have £7o — > G a and U\/Uq ^ G 2 . 

The stack Bun Pl classifies: a G-torsor JF G together with a line subbundle Li C M. Note 
that Li is automatically isotropic and denote by L_i C M its orthogonal complement. For such 
J 7 P 1 <G Bun Pl the vector bundle Tp x x Pl Uq is h\ ® A^ 1 . It is understood that P\ acts on Uq 
adjointly. 

By definition, the fibre of Ho, y — > is 

H°(D*, ^ Pl x Pl U )/H?(D y , T Px x Pl U ) ^ n 2 ® A^iooy)/® 2 ® A' 1 
Denote by l Ho, y C Wo,y the subgroupoid with fibre 



We write 1 pr : l Ho, y — > for the projection and * acto : l, Ho,j/ 
Let also 



Q\ for the action map. 



denote the action map. 

2.9 Characters Let us construct a natural map 

X0,y ■ n , y Xqv Ql^^A 1 

The element to : $1 ^ A gives rise to a morphism 

ft 2 ® „4 _1 (iy)/ft 2 ® -> n(ooy)/n 
and we take the residue of the image of g € T~to, y under this map. 
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Let us construct for k = 1,2 a natural map 

Xk,y ■ H k , y X Q y Ql+^^A 1 

CASE k = 1. 

If J r p 1 is a iVtorsor on a scheme given by {L\ C L_\ C M) then the vector bundle J r p 1 x p 1 Ui/Uq 
is Hom(L_i/Li, Li). 

Recall that a point of defines a Pi-torsor J r p 1 on Let E\ — > Qf be the stack whose 
fibre over a point of Qf is 

R (D;, T Px x Pl Ux/U Q )jK {D y , T Px x Pl Ux/Uq) ^ (L_i/fi)* ® (fi(ooy)/fi) 

We have a natural map 7Yi )?/ — ► £i over Q^. Given a point of Qlex' over ^j/ the section 
*2 : ^ — > W gives rise to a map s : O — > L_i/0 such that £2 = *i A s. By definition, xi,y is the 
residue of the pairing of s with the image of g G 7ii )2/ in £i. 

CASE k = 2. 

Given a point of Q| we obtain a i-2-torsor .Fp 2 over Z? y . Let L^afc ^e the abelinization of U2 
then 

H°(r>*, ^ P2 x P2 U 2tab )/H°(D y , T P2 x P2 C7 2ia6 ) ^ ft(ooy)/ft © ^(ooy)/^- 1 , (5) 

where the two summands correspond to the simple roots of G. To define X2,y, we take the image 
of g G 7~i2,y m ©! P a h it with £3 : O" 1 — > ^4 and take the sum of residues. 

For k = 1,2 write 
for the restriction of Xfc,y; an d similarly for l Xo,y 



2.10 Categories on Q y 



k+l,ex 

W/nv 



For k = 1,2 define the full subcategory P (Q^ +1 ex ) C P(Qfc+i e:E ) to consist of all perverse 
sheaves K G P(Q| +1 ea; ) with the property: 

For any i G N there is an isomorphism on 4, Hfc i3/ x g« ex 

whose restriction to the unit section ex C x g?/ Q^+i ex is the identity map. 

Similarly, P W {Q y 0ex ) C P(Qg ea .) is the full subcate gory consisiting of perverse sheaves K 
with the property: 

For any i G N there is an isomorphism on l 7^o,y x Q-o ex 

\l,y{£i>)®vAK^ l &ctt ex K 
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whose restriction to the unit section Qg ea . C t T~Co,y x q\ Qq ex i s * ne identity map. 

For k = — 1, 1, 2 as in ([Sj, Sect. 4.7-4.8) one shows that P W {Q y k+lex ) is a Serre subcategory 
of ~P(Q y k+1 ex ). Then D w (Q y k+1 ex ) C D{Q y k+1 ex ) is a full triangulated subcategory consisting of 
objects whose perverse cohomology belong to P w (Q y k+1 ex )- 

2.11 In all the three cases k = —1, 1, 2 define P W (Qk+i,ex) C P(Qfc+i,ez) as the full subcategory 
consisting of K G P(Qfc+i, e a;) such that 

for any y £ X. Then P W (Qfc+l,ex) is a Serre subcategory of P(Q fc +i_,ea;)- Set D H/ (Q fc+lje:c ) to be 
the full triangulated subcategory of D{Qk+i,ex) generated by P w (Qk+i,ex) ■ 

For k = —1,1,2 we also have the categories D w '(Qfc+i) and P (Q^+i) defined in a similar 
fashion, because the open substack Q k+ i C Qk+i, e x is preserved by the action of the correspond- 
ing groupoid. 

2.12 Recall the vector bundle no^x^ : Qo,ex —* Qi- Let io : Q\ Qo jex denote its zero section 
and j ■ Qo ^ Qo,ex the complement to the zero section. 

Let D M/ (Qi) C D(Qi) be the full triangulated subcategory consisiting of those K E D(Qi) 
for which (i )\K £ D w (Q 0jex ). The Serre subcategory P (Qi) C P(Qi) is defined by the same 
condition. 

In other words, K E P(Qi) lies in P (Qi) if and only if it is invariant under the action of 
the groupoids TCo, y for all y G X. 

Note that any K E ' (Qo,ex) fits into a distinguished triangle j\j*K — > K — > {i^n^K with 
i* K E D w (Qi) and j*K E D^Qo). 

2.13 Stratifications 

For k = 1, 2 stratify as follows. For a string of nonnegative integers d = (di, ■ ■ ■ , d k ) let 
Qk C Qfc be the locally closed substack given by: there exist D x E X^ dl \ . . . , D k E such 
that 

ti:£%,(A)->Vg 

is a subbundle for i = 1, . . . , k. In other words, fi(-Di) C M is a subbundle for fc = 1; and for 
k = 2 there is one more condition: £l(D2) C W is a subbundle. 

Let d Q y k be the preimage of Q| under d Q k Q^. The stack is stable under the action 
of 7~C kj y on Q y k . For A: = 1, 2 set 

d Qfc+l,ex = d Qk Xq,, Qk+l,ex 

Set also 

d Qo,ea; = Ql Qo,ea; 
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For y G X denote by d Q v k+lfiX the preimage of Q y k+1>ex under d Q k +i,ex -> Qfc+l.es- For ^ = 1,2 
the stack d Q| +lex is stable under the action of Ttk,y on Q k+1 ex - The stack d Q V Q ex is stable 
under the action of 7^o,y on Qq e3; . 

Thus, following the same lines one defines the categories P w ( d Q y k+1 ex ) and D , 1 ex ), 

and further P W ( d Q k +i,ex) and D w ( J Q fe+ i je:r ) for k = -1,1,2. Similarly for P^fe) and 
D W ( J Q 2 ). 

By abuse of notation, write 

«0 : Si ^ Qo,ea; 

for the natural closed immersion. Denote by B w ( d Q 1 ) C B( d Qi) the full triangulated subcate- 
gory consisting of K G D( d Qi) such that 

(io)!^ E D^^Qo,^) 

As in Lemma 4.11) one shows the following (cf. also Appendix A). 

Lemma 1. 1) Let k = —1,1,2. The functors of *- and \ -restriction map D w (Qk+i,ex) to 
~D W ( d Q k+lex ) . The functors of*- and \- direct image map D \ d Qk+i,ex) t° D (Qk+l,ex) • 

For K G ^(Qk+l,ex) we have K G D w (Q k +i,ex) if an d only if its ^--restriction (or, equiva- 
lent^, ! -restriction) to d Qk+i,ex lies in D w ( d Qk+i,ex) for any d. 

2) Let k = 1,2. For K G D_(Qfc) we have K G D w (Q k ) if and only if its ^-restriction (or, 
equivalently, ! -restriction) to d Q k lies in D ( d Q k ) for any d. 

2.14 For k = 1, 2 define a closed substack d Q k+l ex > d Qk+i,ex by the conditions: t 2 comes from 
H°(A, ® W(— 2-Di)) in both cases, and for k = 2 we require in addition that t% comes from 
H°{X,A® n(-2D' 2 )), where we have put D' 2 = D 2 - D x . 
Let us define for k = 1, 2 a natural map 

CASE k = l. The stack d Q' 2e:r classifies collections: D l G A( dl ), a Pi-torsor on X given by 

(Li C L_i C M) 

with Li ^> and a section s : 0{D\) — > L-\/L\. 

The map rf X2,ea; sends this collection to the class in Ext 1 (C(Z?i), r2(Z?i )) ^ A; of the pull-back 
of — > Li — > L 2 — > L 2 /L\ — > under s. 

CASE k = 2. Note that Bunp is the stack classifying: a rank 2 vector bundle L 2 on A, a line 
bundle i on 1, and an exact sequence — > Sym 2 L 2 — >? — > ^4 — ► 0. For such Tp G Bunp the 
vector bundle Tp xp U is (Sym 2 L 2 ) ® ^A -1 . 
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Therefore, the stack d Q'^ ex classifies collections: D x € X^ dl \ D 2 G X^ 2 ^ with D 2 > D x , 
two exact sequences 

-» L x -> L 2 -> L 2 /L! -> 

and 

-> Sym 2 L 2 ->? -» A -» (6) 

with Li ^ and L 2 /Li ^ C(-D 2 )> and a section t 3 : Qr 1 {2D' 2 ) -> A. 

The map rf X3,ea: sends this collection to the sum of two numbers, the first being defined as 
for d X2,ex, and the second is the class in Ext 1 (0 _1 (2Z) 2 ), 0(2D' 2 )) ^> k of the pull-back of 

-> Sym 2 (L 2 /Li) -►? -> .A -> (7) 

under t 3 . Here Q is the push-forward of © under Sym 2 L 2 — > Sym 2 (L 2 /L x ). 

2.15 For k = 1,2 define the stack ex as follows. 

The stack *P 2ex classifies: Z?i £ a rank 2 vector bundle M 2 on X with section 

s : 0(Di) — > M 2 . ' 

The stack d P 3>ea; classifies: £>i G Jf( dl ), D 2 £ X^ 2 - dl ) with D' 2 > D x , a line bundle A on X 
with a section il _1 (2Z) 2 ) — > ^4. 

In both cases we have a projection <pk+i,ex '■ d Q'k+i ex d/ Pk+i,ex- For k = 1 it is given by 
M 2 = L-i/Ll 

2.16 For J = (di,d 2 ) let d Q' 2 C d Q 2 be the closed substack given by D 2 > D x , where D 2 = 
Z? 2 — D\. We have a natural map 

S X2 : 3 Q' 2 - A 1 

defined in the same way as d X2,ex- 

For k = 1,2 and d = (d x , . . . , dj.) as above define the stack d Vk as follows. The stack d V\ 
classifies D x £#' and an exact sequence of vector bundles on X 

-> Li -> L_i -> L_i/Li -> 

with Li^*0(Di), where L- X /L x is of rank 2. 

The stack d P 2 classifies Di £ 1^, £ x( d2 - dl ) with D' 2 > D x , a line bundle 
and an exact sequence on X 

-> C(L» 2 ) -> M 2 -» ^1(--D 2 ) -» 

We have projections 0i : d Qi — ► and </> 2 : d Q! 2 —> d V2- 
As in (0, Proposition 4.13) one proves 

Lemma 2. For k = 1,2 and a string of nonnegative integers d = (d x , . . . ,df.) we have the 
following. 
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i) Any object K G D w \ d Qk+i,ex) is supported at d Q k +i t ex- The functor K ^ d X%+i ex^t ® 
^fc+i ex^ provides an equivalence of categories D( d Vk+i,ex) —* D ( d Qk+i,ex)- 

ii) We have an equivalence of categories D( d Vk) —> D w ( d Qk). For k = l it is given by the 
functor K \— > §\K, whence for k = 2 it is given by the functor K i— > ® xl^- '— ' 



3. Whittaker functors 
In this section we prove the following theorem. 

Theorem 1. i) There is an equivalence of categories Wifi^ex ■ D(Qi) -> B w (Q 0; ex), which is 
t-exact, and (^o,i,ex)l is quasi-inverse to it. Moreover, for any K G D W (Qo,ex) the natural map 
(tto i,ex)\K ~^ (^o,i,ex)*K is an isomorphism. 

ii) For k = 1,2 there is an equivalence of categories Wk,k+i,ex '■ ^ W (Qk) — > ^ W (Qk+i,ex), 
which is t-exact, and {^k+i,k,ex)\ is quasi-inverse to it. Moreover, for any K G T> W (Qk+i,ex) the 
natural map (ftk+l k ex)\K ~~ (^k+i^^x)*^ is an isomorphism. 

3.1 First, we explain what the corresponding functors do on strata. For k = 1, 2 let d = 
{d\, . . . , df.) be a string of nonnegative integers. Using Lemma El define 

s w k , k+ i,ex ■■ D w ( d Q k ) - n w ( 3 Qk+i,ex) 

as the composition 

B W ( d Q k )^ B( d V k ) F - D( d Vk + l,ex)^V W ( d Q k+1 ,ex) 

So, d Wk,k+i,ex is an equivalence of triangulated categories and t-exact. It also follows from 
the standard properties of the Fourier transform that {ir k +i,k,ex)\ is quasi-inverse to d Wk ! k+i,ex, 
and we have {iTk+i,k,ex)\K ^ {^k+l,k,ex)*K for any K G B w ( d Q k +i,ex)- 

3.2 For d = (di) define the functor 

3 W 1>0>ex : D( J Qx) - B w ( 3 Q 0>ex ) 

as follows. Let d £ — > d Q\ be the stack whose fibre over a point of d Q\ is the stack of exact 
sequences -> 2 (2i?i) ® A' 1 ->? -> -> 0. This is a groupoid over 01 Qi, let rf act : rf £ — > d Qi 
denote the action. 

Let d Q ez C d Qo,ea; be the closed substack given by: to comes from H°(X,^(g)fi- 1 (-2L>i)). 
Any object of E ) ( d Qo,ex) is supported on d Q' ex . As in Appendix A. 2, let 

d W 1Aex (K) = Four( J act*ir)[dim.rel](^^), 
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where dim. rel is the relative dimension of d £ — ► d Q\. This functor satisfies the same properties 
as d W k ,k+i,ex in Sect. 3.1. 

3.3 For k = 1, 2 we single out the subgroupoids W fc C T~ik,y as follows. 

CASE fe = 1. We let Ji! Xy = and m'^ = l 7i lt y. Recall the map S x -> defined in 
Sect. 2.9. Write £i as a union of vector bundles l £i — > with fibre 

(L-i/fl)* (0(iy)/0) 

The fibre of -» is (8) (0/0{-iy)). 

CASE k = 2. A point of Q 2 gi ves rise to a /Vbundle ^p 2 on D y given by {L\ C 7 2 C JVf ) with 
Li ^ f2 |o and L^/Lx — » C |.d . The P2-bundle .Fp 2 gives rise to a P-bundle Tp = Tp 2 Xp 2 P 
on D y . 

By definition, the fibre of H 2i2/ — > Q 2 i s 

H°(F>*, J-p x P U)/R°(D y , T P xp 17) (Sym 2 L 2 ) ® (.^(ooiOM" 1 ) 
Let l 7i 2 „ C 7^2, y be the subgroupoid with fibre 

(Sym 2 L 2 )®{A- x (iy)IA- x ) 
Let £2 — > Q 2 be the stack with fibre 

(Sym 2 (L 2 /L 1 )) ® (^(ocy)/^ 1 ) ^ ^(ocy)/^ 1 
This is a union of vector bundles — ► Q 2 with fibre ^4 _1 (iy)/^4 _1 . The fibre of — > Q 2 is 

>i®(n/n(-iy)). 

3.4 For k = 1, 2 we have a natural map — > over Q^. Without loss of generality we may 
assume that the image of l 7i' k in is l S] t . The corresponding map l pk ■ l H' k — > is smooth 
with contractible fibres, we denote by di^ its relative dimension. From (0, Lemma 4.8) we get 

Lemma 3. The functor K 1— > % p* k K[di^\ is t-exact and identifies D(*£&) wzf/i a full triangulated 
subcategory of D( l H' ky ). □ 

For i! > i we have *ffc 1 £ & is a subbundle. Denote by pr^ i : 1 £| — » the dual map. 

Lemma 4. For eac/i i > we /iaue a natural map : Q^ +1 ex — ► l ££ over Q|. For i! > i the 
composition 

P<y J£ %' c* ic* 

^k+l,ex C k ~^ °k 

equals /j. For each open substack of finite type U C Q y k there is an integer i(U) such that over 
the preimage ofU, the map fi : Q^+i ex — ► l £ k is a closed embedding for every i > i(U). 
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Proof 

CASE k = 1. Given a point of Q2 ex , over D y the section £2 : ^ — ► VV yields a map s : — > 
L-i/Q such that £2 = *i A s. Now /j sends a point of Q| ex *° the image of s in 

Let l V — > be the vector bundle with fibre Hom(Q, W/W(— iy)). Given a point of Qf, we 
have a subbundle f2 (g> (L_i/fi) |.d C W |d h over D^. Therefore, 

So, we have a natural closed embedding *£* — ► *V over 

Let i(f7) be such that the vector space Hom(Sl, W(— iy)) is zero for any point of U. Then 
for i > i(U) the natural map Q y 2 ex — > *V is a closed embedding over U. So, Q y 2 ex — > *£* is a 
closed embedding over {7 for i > i(U). 

CASE k = 2. The map /j sends a point of Q\ ex to the image of t 3 £ E°(X,A <g> fi) in 

A® (n/n(-*y)). 

Let i(f7) be such that the vector space H°(X, „4,(§D iy)) is zero for any point of £7. Then 
for i > i(U) the map /, is a closed embedding. □ 

3.5 For k = 1, 2 let 1 act' fc : l 7^, — > denote the action map. It is smooth, and we denote by 
a^fc its relative dimension. 
Define the functor 

W y k ;l +1 , ex :B w (Ql)^DC£* k ) 

as follows. Given K G T) W (QT), from Lemma |3] we learn that there exists K € D( l £/%) and an 
isomorphism 

ft : Y k K[d hk ]^f ) eact' fc )*irM(^) (8) 

The pair (if, ft) is defined up to a unique isomorphism. Set W k ' l k+l ex {K) = Four (If). 
By construction, the functor W%'1 +1 ex is i-exact. 

Remark 2. We could replace l TL' k by any subgroupoid l TL' k C TL' k of finite type over Q y k such 
that the image of m'^y in f fc is %. The corresponding functors W^ +l ex : D W (Q|) -» D(^) 
would be naturally isomorphic. Thus, the functors W k ,% k+l ex do not depend on the choice of the 
group subschemes l Nf tj y inside of N^y. 

Using the above remark together with appendix A. 3, one shows that for i' > i we have an 
isomorphism of functors (pr^), o W y ' k+lex =J W^ k+hex . 

Lemma 5. For k = 1,2 let K G D (QT). For any open substack of finite type U C Q y k and 
any integer i large enough (in particular, i > i{U) of Lemma^, over the preimage of U , the 
complex W y ' l k+l ex (K) is supported on Q v k+hex C l £* k . 
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Proof Since U is contained in a finite number of strata Qk, we are easily reduced to the case 
where U C d Q\' for some d, and K is the extension by zero from U . 

CASE k = 1. There is i'(U) such that for any point of U given by D 1 £ (X - (O(-Di) C 

L_i C M) G Bun Pl we have H^A, (L_i/ft(L>i))* <g> ft(L>i + iy)) = 0. So, for any i > i'(U) the 
natural map 

-> Ext 1 (L_ 1 /0(D 1 ),fi(D 1 )) 
is surjective over f7. If i > i(U),i'(U) then Wf^exi^-) ^ s supported at Qfea; an< ^ * s isomorphic 

to ^i.a.exW- 

CASE k = 2. Recall that a point of £/ is given by a collection: Dj E (I - y) {dl \ D' 2 G 
(X - y)^~ d ^ with L> 2 > D a and (L x C L 2 C L_i C M) G Bun P2 with Li^O(-Di) and 
Lil 0{D'^). There is i'(i7) such that for any point of U as above we have 

R\X, (Sym 2 (L 2 /Li)) -A" 1 ^)) = 

This implies that for i > i'(U) the natural map 

%^Exk 1 (A, Sym 2 (L 2 /^i)) 

is surjective over U. If i > i(U),i'(U) then ex {K) is supported at rf Q3 ea; and is isomorphic 
to d W 2 ^ ex {K). □ 

Thus, we get a well-defined functor W k ^ k+1 ^ ex : D^QD - D(Q» ), ^ k ^xact by 
construction. 

Given K G D W (Q^), the *-restriction of W kk+l ex {K) to rf Q^ +1 ex is naturally isomorphic to 
d Wk ) k+i,ex applied to the *-restriction K \dgy- By 1) of Lemma ^ we conclude that the image 
of^W^sinD^(Q| +le J. 

Proposition 1. Fork = 1,2 the functor K {iik+i,k,ex)\K maps D w (Q k+1 ea; ) fo D and 
zs quasi-inverse to W k k+1 ex . Moreover, for K G D M/ (Q^ +1 ea .) the natural map [T^k+X,k,ex)\K ~^ 
("Kk+l,k,ex)*K is an isomorphism. 

Proof First, let us show that for K G D w (Q y k ) we have (TTk+i,k,ex)\W k k+1 ex (K)^ K naturally. 
Indeed, over an open substack of finite type U C Q k and i large enough we have W k k+1 ex (K) = 
Four(A) and 

(^k+i,k,ex)\W^ k+hex (K) =J iuK[d i>k - a iyk }{ — Q '' fc ), 

where K is that of (JHJ), and ijy : £/ — » is the zero section. The equivariance property of if 
implies that the RHS of the above formula is identified with K \ 

The fact that K \— > (^+1 ^ ex)!-^ maps 

D W (2fc+l,eJ to D ^(2fc) follows from Appendix A.l. 
Now let us show that for K G D W (Q| +1 ea ,) we have 

K^jTTk+x^lK ^ K (9) 
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naturally. To establish this isomorphism over the preimage of an open substack of finite type 
U C Q?, fix an integer i large enough with respect to U. 

The groupoid l 7i k — ► Q| lifts to l £ k in the sense of A.l. In particular, we have a cartesian 
square 

n k,y X Q v k b k ~* b k 

| id X 7T£ I 7T£ 

where we used the projections to define the fibred product, and n£ also denotes the projection. 
We may start with K € D( l £?) that satisfies the equivariance property act* pr*. K (g> X*^ibt 
where \ is the composition 

(Actually, for k = 2 the complex K satisfies a stronger equivariance property with respect to 
the action of Ti.2 y , which we don't need for the moment.) 
Looking at one more cartesian square 

lH 'k,y X Qt %£ k ~> l£ k X QV % £* k 

| id X7T£ I 

i c 

H k,y ~^ b k 

we obtain 

Cact^^Trg),^^ Y k Fom(K)[d hk - a,, fc ]( ^' fc ~ Qt ' k ) 

We have used the fact that the rank of the vector bundle % £k — * Q k is aik~di,k- The isomorphism 
© over the preimage of U follows. 
The above diagrams also show that 

Cacti)* (7T £ )iK ^ Cact' fc )*(7r £ )*if, 

because !- and *-Fourier transforms coincide. So, (^k+i,k,ex )\K - (TT k+ 

\,k,ex)*K is an isomor- 
phism. □ 

Now arguing as in (jSJ, 5.11) one finishes the proof of Theorem ^ii). 

3.6 The proof of Theorem^i) is similar. First, let 1 £q = l T~Co,y The action map 1 acto : l 7~to,y —> 
Q\ is smooth, denote by a^o its relative dimension. For i > define the functors 

by W^^-fiT) = Ebur( i act51if)[oi,o]( £ ^ £ ). As in Sect. 3.5, this gives rise to a functor W\ fiex : 
D(Qj') — > D^lQoex) an< ^ so on - ^he details are left to the reader. □ 
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4. CUSPIDALITY 



4.1 Recall the notion of cuspidality on Buno For a proper parabolic Q C G let Mq be its Levi 
quotient. We have a diagram of natural maps 

CtQ Pq 

Bun M Q <— Bung — > Bun G 

The constant term functor CTq : D(BunG) — ► D(BunM Q ) is defined as CTQ(if) = (oiq)\[3qK . 

A complex K G D(Bunc) is cuspidal if CTq(K) = for any standard proper parabolic 
P2 C Q C G. It suffices to check this condition for Q = P\ and Q = P. 

Denote by D cusp (BunG) C D(Bunc) the full triangulated subcategory consisting of cuspidal 
objects. Similarly, for a scheme of parameters S, one defines T) cusp (S x Bunc). 

4.2 Let us introduce the notion of cuspidality on Qk for k = 1,2, 3. 

The stack Bun^i classifies pairs: a line bundle L\ on X and a rank 2 bundle M2 on X. The 
projection Bunp — > Bun^ sends (Li C L_i C M) G Bunp to (Li, M2 = L-1/L1). 

The stack Bun/vf classifies pairs: a line bundle A on X and a rank 2 bundle L2 on X. The 
projection Bunp — > Bun^ sends a collection (^4, L2, — > Sym 2 L2 — ^? — ► A — > 0) to (.A, L2). 

For A; = 1, 2 consider the natural diagram 



k 



Bung Bunp -5 Bun^, 

where the right square is cartesian, and the stack Q^f classifies collections: an M-torsor (A, L2) 
on X together with sections t± , . . . , , where 



'->2 



t 2 :£l^ A 2 L 2 



The constant term functor CT^* : D(Q fc ) -» D(Qf ) is defined as CT^ = (a^i^)*^. 
Consider the natural diagram 

Si - 1 Qf 1 - 1 Qf 1 

Bung <— Bunp x — > Bun/y^, 

where the right square is cartesian, and the stack Q^ 1 classifies collections: a Mi-torsor (Li, M2) 
on X together with section t\ : Q Li. 

The constant term functor CT|i : D(Qi) -> D(Q^) is defined as CTp^ 1 (K) = (a^),^)* K . 

Definition 1. i) An object K G D(Qi) is cuspidal if CT^ 1 (K) = and CT^(K) = 0. 

ii) An object K G D(Q 2 _) is cuspidal if CTp(K) = 0. 

iii) Any object K G D(Q3) is cuspidal. 
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4.3 For k = 1,2 denote by W k , k+1 : B w (Q k ) -> D w (Q fe+ i) the functor Ty fc ,fc+i,ex followed by 
the restriction to Qk+i C Qfc+i,ea;- 

Proposition 2. i) The functor W kM+l : B w (Q k ) -» B w (Q k+ i) maps cuspidal objects to cusp- 
idal. 

ii) If K G T) w (Q k ) is cuspidal then the -^-restriction ofW kyk+ \ fiX (K) to Qk+i,ex ~ Qk+i vanishes. 

Proof ii) Note that Qk+l,ex — Qk+i is isomorphic to Q k , the zero section of the bundle ~Kk+l,k,ex '■ 
Qh+\,ex — y Qk- We will calculate the *-restriction W k ,k+l,ex(K) kg fc fo r any stratum d Q k C Q k . 

Let ipt : d Qi -> Qf 1 be the map that sends ((L x C L_i C M), O ^> Li) to 

(Af 2 = L-i/Li, O^Lx) 

Let -02 : d Q2 -> Q 2 f be the ma P that sends (( L i C L 2 C L_i C M), O w £ 1; O ^> A 2 L 2 ) to 

(-4., L 2 , 0<^£ 2 , A 2 L 2 ) 
Using Lemma |3 one shows the following: 

• for K G D w (Qi) we have Wi^W ^ V>* (if) up to a cohomological shift 
and a twist; 

• for K G D 14 ^) we have W 2 ,z,ex{K) \ S q 2 ^1 CT f 2 0*0 U P to a cohomological shift 
and a twist. 

Part ii) follows. 

Remark 3. Actually, we showed that for K G D the condition W& ) fc+i ) eas(-K') \Q k = is 

equivalent to CTp(K) = for fc = 1 (resp., to CTp 2 (K) = for k = 2). Indeed, as d ranges 
over strings of nonnegative integers d = (di, . . . ,d k ), the images of ip k form a stratification of 
the corresponding stack. 

i) Let Q^ex denote the stack classifying (A, L 2 ) G Bunjvf and sections ^ L 2 , O A 2 L 2 . As 
in Sect. 4.2, we have the diagram 

n £_ n p a iL> r>M 

Bunc *^ Bunp -§ Bunjvf, 

where the right square is cartesian. Let CTf 2 ' ex : D(Q 2iex ) -» D(Q 2 u ea .) denote the functor 
K ^ (ct* x )>{p z / x )*K. Proceeding as in Sect. 2-3, one introduces the category D H/ (Q^ e3 .) and 
the functor 

: D(Qf ) - D^(Q|f e J, 
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which is also an equivalence of categories. 

One checks that CT® 2 ^ sends D w (Q 2 ,ex) to B w (Q^ ex ). Let us only indicate that the 
groupoid Hi, v x g? Q\ ex -> Q\ ex lifts to 

qP,v — qP y _ 

^2,ea; — ^2,ex A Q 2 ,e:r ^2,ex 

We claim that there is a natural isomorphism of functors from ~D w (Qi) to D^Q^,) 

CTf^ oW 1;2 , ex ^ W^ ex o CTf 1 (10) 

The functor CTp 1 admits a right adjoint, which will be denoted by Eisp 1 , it sends K to 
{I3 l p )*{a l p )-K. Actually, CT^ 1 maps D(Qf ) to D w (Qi). 
Similarly, CTp 2,e * admits a right adjoint functor 

Eisf - : B W (QM X ) -> D W (Q2, C *) 

that sends if to (/3p' e:r )*(ap ea; ) ! if. 

We have the following diagram, where the right square is cartesian 

Qi - Qf - <2f 

o2,ea; 2, ex 

n £_ n-f a IL r>M 

It follows that (7T2,i,ea;)* ° Eisp 2 '^ ^ Eisp 1 o (7r^j ex )* naturally. Passing to left adjoint functors, 
we get the isomorphism (|1U|) . 

So, if K G D^(Qi) is cuspidal then CtJ 2 ' ex W lj2 ,ex( K ) = °- % 0> the complex Wi |2 ,ez(#) 
is the extension by zero from Q 2 , so CTp 2 Wi i2 (K) = and W\^ 2 {K) is cuspidal. □ 

Recall the notation Q = Q 3 . Let W : B w '(Q x ) -> D 14/ (Q) be the functor W2,3oWi j2 . Exactly 
as in Theorem 6.4), one derives from Proposition |2] the following corolary. 

Corolary 1. For k = 1,2 Zei K\,K 2 € D^(Qfc) 6e too objects with K\ cuspidal. Then the 
map Hom D W(Q k j(Ki, K 2 ) — > Hom D vr(g & ^(T^fc+^-ffi), Wfc,fc+i(-^2)) is isomorphism. So, 
for k = 1 

Hom^g^,^) -»Hom DW(S) (W(liri), W(tf 2 )) 
is also an isomorphism. □ 

4.4 We also have the following analog of ([5], Theorem 6.9). For k = 1,2,3 let D^ sp (Qfc) C 
D w (Qk) denote the full subcategory consisting of cuspidal objects. This is a triangulated sub- 
category. 
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Theorem 2. For k = 1,2 the functor W k ,k+l induces an equivalence of triangulated categories 
^cusp(Qk) —> D^ sp (Qfc+i)- In particular, W : D^ sp (Qi) — > D vy (Q) is an equivalence. 

Proof We know by Proposition [21 that Wfc fc+i maps cuspidal objects to cuspidal. Let 

be the functor sending K to (7Tjfe+i ( jfe eajJi-K"', where K' is the extension by zero of K to Qk+i,ex- 
If K € D cusp (Qk+i) then the complex W kk+1 {K) is cuspidal. Indeed, for k = 2 the assertion 
follows from Remark EJ For k = 1 set F = fl^fFC). We have CT^ 1 F = by Remark 
Further, ea . CTp 1 (F) = by (|1U[). Since the functor W^ 2ex is an equivalence, we get 
Clf 1 (F) = 0. 

Let us show that W^ fe+1 : D^ sp (Q fc+1 ) — > D^ sp (Q fc ) is quasi-inverse to W/^k+i- From ii) of 
Theorem n we conclude that W^k+l ° ^Tfc+i ~* ^d w {Q k+1 ) na turally, and there is a natural 
adjunction map Wj£ +1 o W fejfc+ i -» id D ^ p( Q fc) - 

For K € sp (Qk) consider a distinguished triangle 

W^ k+l W Kk+l (K) ^ K ^ K' 
We have Wfc^+i^') = and K' is cuspidal. Hence, K' = by Corolary[TJ □ 



5. Hecke FUNCTORS 

5.1 Recall the Hecke functors H,R Qkex and H 2fc introduced in Sect. 2.2-2.4. 

Proposition 3. The functor H Sfe .« sends D w (Q k>ex ) to B w (X x Q k , ex )- The functor R Qk 
sends D w (Q k ) to D w (X x Q k ). 

Proof Let x H Qk < ex denote the functor H 2fc M followed by *-restriction to x x Q k ^ ex C X x Qfc jea; . 
To simplify the notation, we will show that x H^ k + l < ex preserves the category T> w (Qk+iex) f° r 
k = 1,2. The other cases are treated similarly. 

Let y £ X be distinct from x. Let x Hg be the preimage of x under supp : Hq — > -X". We 

— — 

have a well-defined functor X H : D(Q^ +1 ex ) — > D(Q^ +1 ex ). Let us show that it preserves 

the subcategory D w (Q y k+1 ex ). Indeed, the groupoid 

Hk,y Xg« Q V k +l t ex ~^ Qk+l,ex 

lifts to Q k+1 ex XBun G xHg with respect to both p k +i, e x and C\k+l,exi so that we have diagrams 

Uh t y XQl Qk+l,ex ^ Z % ftk,yXQlQi+l,ex 

I pr I pr | pr 

^■k+l,ex ^~ *ik+l,ex x Bun G xn-G ~> ^k+l,ex 
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and 

n k>y x Ql Ql +lex P A z % n Ky x m Qi +lex 

| act J, act J, act 

r\\J Pk+l,em r\ ^ 1-1 Ifc+l.ea 

^k+l,ex ~ *Zk+l,ex x Bun G i^G ~ ^k+l,ex 

in both of which both squares are cartesian. Moreover, the compositions 
and 

coincide. Thus, X H *>+i,ac preserves the equivariance condition. Using the following remark, one 
finishes the proof. 

Remark 4. Let finite collection of points of X. Let if € D(2fcea;) be such that 

its restriction to Q v k ex lies in D (Q^ ea .) for any y 7^ Xj. Then G D H/ (Qfc je:r ). Indeed, as y 
ranges over points of X different from X{, the union of Q y k is Qk,ex- Similar statement for 
B w (Q k ) holds. 
□ (Proposition [2J) 

5.2 Similarly to the GL n case, Hecke functors and Whittaker functors commute with each other. 
The proof of the following result mimics that of ( 5 , Proposition 7.6). 

Proposition 4. i) For k = 1,2 there is a natural isomorphism of functors 

H S*+i,« o W ktk+1;ex ^(id xW ktk+1>ex ) o H S * : D w/ (Q fc ) -> D W (X x Q fe+1 , e:c ) 

izj There is a natural isomorphism of functors 

H e °.'«oWi 1 o,ex^(idxWi i o,« e )oH Sl : D(Qi) — > B W (X x Q ,ex) 

Proo/ i) To simplify the notation, we replace the functors H 2fc ,H 2feea: by x H Qk , x H Qk,ex - In 
view of Theorem^ it suffices to show that for K € ^ W (Q k +i,ex) we have 

xK Qk ((-Kk+l, k ,ex)lK) ^ {ir k+ i, k>ex )\xK Qk+1 > ex {K) 

For x E X let Q k +i,ex,x be the stack defined in the same way as Q k +i,ex with the difference 
that the last map t^+i is allowed to have a pole of order 2 at x for k = 1 (resp., of order 1 at x 
for k = 2). 

Write x 7i Qk for the preimage of x x under supp xp k : Q k Xb ui1g -> ^ x Qj. We have 
a diagram 

Gk+l,e»,a> «~ x 7i Uk +^^ -> Qk + l,e» 
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where the stack x 1-fek+i,ex,x j s defined by the condition that the right square is cartesian, and 
Pk+i,ex,x is the natural map. 

It suffices to show that for K £ ^ w (Qk+i,ex) the complex (pk+i,ex,x)\<\k+l ex^ ls supported 
on Qk+i,ex C Qk+l,ex,x- This direct image will verify an appropriate equivariance condition on 
ex ,x- So, our assertion is verified stratum by stratum using an analog of Lemma |5J 

Part ii) is proved similarly. □ 

6. Hyper-cuspid ality 

6.1 Recall that Uo denotes the center of U\. Set Po = P\/Uq. We have a diagram of natural 
maps Bunp <— Bunp x — > Bung. Define the constant term functor 

CT Po : D(Bun G ) -» D(Bun Po ) 

as CTp (K) = (ap )\f3p (K). The following is a geometric version of ( ; 9\, Definition on p. 328). 

Definition 2. i) A complex K £ D(Bun G ) is hyper- cuspidal if CTp (K) = 0. 

ii) A complex K £ D(Qi) is hyper- cuspidal if Wifi }f , x (K) is the extension by zero from Qq. 

Denote by D/ lCMSp (BunG) C D(Bun G ) and by Dhcusp(Qi) C D(Qi) the full triangulated 
subcategories consisting of hyper-cuspidal objects. Similarly, we have D/ lcnsp (5 x Bun^) for a 
scheme of parameters S. 

If / : jSi — > S2 is a morphism of schemes then for the map / x id : S\ x Bung — ► $2 x Bun G 
the functors (/ x id)i and (/ x id)* preserve hyper-cuspidality (and cuspidality) . The same is 
true for the functor D(S) x D(S x Bun^) — > D(5 x Bun^) of the tensor product along S\ 

Proposition 5. In 6of/i cases D/> CUS p(Bun G ) C D cusp (Bun G ) and B>hcus P {Qi) C D cnsp (Qi) is a 
full triangulated subcategory. 

Proof Let K £ D/ iCUSp (Bun G ). It is clear that CT p 1 (K) = 0. Let us show that CTp(K) = 0. 
We have a diagram 

Bun G <— Bunp <— Bunp 2 

I I " 

BunM <— Bun B ( M ), 

where B(M) C M is a Borel subgroup, the square is cartesian, and the composition in the top 

line is (3p 2 . The right vertical arrow factors as Bunp 2 —* Bunp 2 /[/ — > Bunp(M)- So, it is enough 
to show that 5\f3p 2 (K) = 0. 

Since we have the following diagram, where the square is cartesian 

Bun G <— Bunpj <— Bunp 2 

I " is 
Bunp <- Bunp 2/[/o , 
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the first assertion follows. 

For sheaves on Q\ the proof is similar. □ 

6.2 Recall that for each dominant coweight A of G we have the Hecke functor H G : D(Bun G ) — > 
D(X x Bun G ) normalized to commute with Verdier duality (cf. 2 , Sect. 2.1.4 for the precise 
definition). In our notation H G = H. It is well-known that the subcategory D cusp (Bun G ) C 
D(Bun G ) is preserved by Hecke functors. That is, each H G sends D cusp (Bun G ) to the category 
V cusp {X x Bun G ). 

Proposition 6. The subcategory D/j CUSp (Bun G ) C D(Bun G ) is preserved by Hecke functors. 
Proof 

Step 1. Let us show that H preserves D/ lcusp (BunG'). One may introduce a version of stacks Qi 
and Qo,ex) where instead of a fixed T-torsor with trivial conductor (JFt->&) one considers all of 
them as additional parameter. In other words, the stack Q\ would classify Tq S Bung, a line 
bundle 6onI and a section t\ : B <^-> M; the stack Qo,ex would classify the data just above 
together with B 2 ® Q' 1 -> A. 

An analog of Theorem^would hold in this setting. Then for K € D(Bun G ) hyper-cuspidality 
would be equivalent to requiring that W\fi^ ex (a* K) is the extension by zero from Qq. Our 
assertion follows from an analog of Proposition E]ii) in this situation. 

Step 2. Recall that Hecke functors can be composed in the following way. For G-dominant 
coweights Ai,A2 the functor 

Rq * H G 2 : D(Bun G ) -> D(X x Bun G ) 

is defined as 

H* 1 *R X J(K) = (A* x Kid)((idKH A ^) o H G 2 (K))[-1](^) 

It is known Sect. 2.1.6 and pQ) that there is a canonical isomorphism functorial in K 

R^ *R^{K)^ R x ,(K)®Rom d (V x ,V Xl ®V X ' 2 ) 
AeA+ 

The group of coweight of G orthogonal to all roots is free abelian of rank 1. It is easy to see 
that Hecke functors corresponding to both generators ±u of this group preserve D/ lcusp (Bun G ). 
One checks that any irreducible representation V x of G appears in {V"i')® k ® V ruJ for some k > 
and r € Z. Thus, our assertion follows from the fact that the subcategory D/ lcusp (Bun G ) is 
saturated: a direct summand of an object of D^ CMSp (Bun G ) is again an object of D^ cnsp (Bun G ). 
□ 

Clearly, the functor H Sl preserves the subcategory D/j CUSp (Qi), and a* sends D/j CUSp (Bun G ) 
to T> hcusp (Qi). 

Proposition 7. We have equivalences of triangulated categories 

i;D(<2i)/D Wp (Qi)^ D w (Qx) 

it) D cusp (Qi)/D ?iCUSp (Q 1 ) ^ DSLp(Qi). 
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Remark 5. Let F : D —> D' be a triangulated functor between triangulated categories. If F 
admits a fully faithfull right adjoint functor F' : D' — > D then F induces an equivalence of 
triangulated categories D/Kei F — > IX 

Proof of Proposition ^ 

i) Recall the closed immersion io : Qi Qo,ex and its complement j : Qo Qo,ex- The 
functor ig : D M/ (Q ,ex) -» D w (fii) adimts a right adjoint («o)*j which is fully faithfull. The 
category D (Qo) is embedded in D w (Qo,ex) fully faithfully by j\. By Remark 03 i* induces an 
equivalence of triangulated categories 

D w/ (Qo,ex)/D w/ (Q )^ D w (<2i) 

So, the functor ig o Wo,i,ex induces an equivalence i). 

ii) For K € D cusp (Qi) let us show that ioWo i exi.K') is cuspidal. We have a distinguished triangle 
in D(Qi) 

Md*W ,l,ex(K) ^K^ i* W ,l,ex(K) 

Since (iTo,i)\j*Wo : i iex (K) is hyper-cuspidal, it is cuspidal by Proposition |SJ So, ioWo,i,ea:C^O is 
also cuspidal. 

We conclude that o Wq j1j£X induces a functor F : B cusp (Q 1 )/T> hcusp (Qx) -» DSL p (Qi)- 
Let -F -1 denote the composition 

vZs P (Qi) -» D c «s P (Qi) -> D^CQiJ/D^CQi) 

We claim that -F and i 7-1 are quasi-inverse to each other. Indeed, the above distinguished 
triangle shows that id ^>F _1 oF. Since for K G D (Qi) we have Wo^eaC^)"*^)*-^ naturally, 
it follows that id ^ F o F" 1 . □ 

6.3 If D' is a triangulated category and D C D' is a full triangulated subcategory, we write 
D 1 - C D' for the full subcategory consisting of K £ D' such that Hom£>/(L, K) = for all L € -D. 
Then D -1 - C I?' is a full triangulated subcategory, and the composition D 1 - — > D' — > D' / D is 
fully faithfull (cf. [II], Proposition 2.3.3, p. 128). 

Consider the subcategory D/ scnsp (BunG) ± C D CMSp (BunG'). Let : D(Bunc) — > D(Bunc) 
denote the functor H^. followed by *-restriction to x x Bun^ mIx Bung . Since Hecke functors 
admit left and right adjoint functors (cf.[2j, 3.2.4), it follows that D/j CMSp (BunG') ± is preserved 
by all functors x Hg. 



7. More Whittaker type functors 

7.1 Let Z\ be the stack of collections: (M,A) € Bung together with an isotropic subsheaf 
L2 C M, where L2 € Bmi2. The stack Z\ is nothing but Bunp in the notation of ([2], 1.3.6). 
Let it2,i,ex '■ %2,ex —* %\ be the stack over Z\ with fibre consisting of all maps 

s : fT 1 -> A®Sym 2 L* 2 (11) 
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Let 172,1 '■ %2 —> Z\ be the open substack of Z 2 , e x given by the condition: s is injective. 
For k = 1, 2 we have the diagram 

Zk ^ Z k XBun G ^ 

where we used the map p : Hq — > Bung in the definition of the fibred product, pk is the 
projection, and sends a point of Zj. x Bung to .F G equiped with an isotropic subsheaf (and 
for k = 2 a section s') that are the compositions 



L 2 ^ M <-> M' 

s' : n- 1 ^ A ® Sym 2 L| ^ .A' ® Sym 2 



For fc = 1, 2 we have the functor H 2fc : D(2fc) D(I x given by 

H 2fc (iT) = (suppxp fc )iqfc^®Q<(^)[l]® <7 ' a/5> 

Similarly, one defines the functor H 22 > M : D(Z2,ex) — ► D(JT x Z2,ex)- 
The projection : Z\ —>■ Bung fits into the diagram 

Z\ Z\ XBun G 7~(-G -2^1 

Bunc <— Bun G 

So, (id xa^)* o H^H^ 1 o a£[l](|) naturally 

In this normalization the Hecke property on Z^ (for k = 1, 2) with respect to H^ fe and a 
given local system W on J writes 

H 2fc (iT)^WKl^[3](^) 



7.2 One defines the category D (Z2 e x) as i n Sect. 2.10-2.11. Let us just indicate its description 
on strata (they are equivariant under the corresponding groupoids). 

For d > let d Z\ C Z\ be the locally closed substack given by: there is a subbundle L' 2 C M 
such that L 2 C L' 2 is a subsheaf with <i = deg(L 2 /L2). The stack classifies collections: a 
modification of rank 2 bundles LjClj 011 ^! an d an exact sequence -> Sym 2 L' 2 ->? -» .4 -» 0, 
where A is a line bundle on X. 

Let d Z 2 ex — Z2 y ex ^Zi Z\. An analog of Lemma ^ holds for this stratification of Z2,exi so 
it suffices to describe the categories B w { d Z 2 ,ex) for each d. 

Let d Z' 2 ex > d Z 2 ^ ex be the closed substack given by the condition: s factors as 

fT 1 -» A ® Sym 2 L' 2 * 4 ® Sym 2 L 2 
Let rf X2,ex : 01 -2^2 e:r — > A 1 be the map that pairs s with the extension — ► Sym 2 L 2 — >? — > .4 — > 0. 



28 



Let d V2,ex be the stack classifying: a modification of rank 2 bundles L2 C L 2 on X with 
d = deg(L' 2 /L2), a line bundle A on X and a section s : Sym 2 L' 2 — > £1 ® A. Let 

4>2,ex ■ d ^2,ex ~^ ^2, ex 

be the projection. 

Lemma 6. Any object of D w ( d Z2,ex) is supported at d Z' 2ex . The functor 

d J{K) = d X l ex C^ ® ^ >e ^[l](^ dim ' rel 

provides an equivalence of categories d J : D( d V2 ex) ~* D ( d Z2 ex)- Here dim. rel is a function 
of a connected component of Z 2 ex given by dim. rel = — x{A _1 <g> Sym 2 L' 2 ). □ 

One mimics the proof of Theorem ^ to get 

Theorem 3. There is an equivalence of categories WZ\2,ex ■ ^(2^i)—^^ W (^2,ex), which is 
t-exact, and (7r2,i, e a;)! is quasi-inverse to it. Moreover, for any K £ D w (i?2,ex) the natural map 
(ft2,i,ex)\K — > (iT2,i,ex)*K is an isomorphism. □ 

Let us just explain what this functor does on strata. We have the functor 

d WZ lt2 ,ex : D( d Zx) -> D w ( d Z 2 , ex ) 

defined as the composition 

If K € Y){Z\) is the extension by zero from d Z\ then WZ\p,ex{K) is the extension by zero 
of d WZ h 2, ex ( K ) ™der d Z 2 , ex — Z 2>ex . 

7.3 Relation to hyper-CUSPIDALITY Denote by Z[° the stack of collections: P -torsor on X, 
that is, an exact sequence — > L\ — > L_i — > L-\/L\ ->0onl with Li £ Buni, L_i G Bun3; 
and an isotropic subsheaf L2 C L_i with L2 G Bun2. Here 'isotropic' means that the composition 
A 2 L 2 — > A 2 L_i — > A 2 (L_i/Li) vanishes. 
Denote by 

^2,1, ex ■ ^2,ex ^T 

the stack over Z^° with fibre consisting of all maps where *4 = det(L_i/Li). 
We have a natural diagram 



^2,63; 2, ex 

7 2- 7 p i 7 p o 

-£-2,e:z ^2,ex ^2,ea; 

I I I <°l„ 

j, j, j, 

Bunc <— Bunpj — > Bunp , 



29 



where both right squares are cartesian (thus defining the stacks in the middle column). 
The constant term functor 

CTg : B{Z X ) -> D(Zf°) 
is defined by GT§£(K) = (a| o ),(/3| i )*K. Similarly, CTp^ ex : B(Z 2 , ex ) -» D(Z 2 P °J is defined as 

CTj-(K) = (a^),(^)^ 

Definition 3. A complex K G B(Zi) (resp., if G B w (Z 2 . ex )) is hyper- cuspidal if CT^(iT) = 

(reap., CT§~(1T) = 0). We denote by D ta (Zx) C B(Z t ) and D^ sp (Z 2 ) C D^^e*) the 
full triangulated subcategories of hyper-cuspidal objects. 

Clearly, K G D(Bunc) is hyper-cuspidal iff a* z K G B{Z\) is hyper-cuspidal. The following 
is easy to prove. 

Proposition 8. 1) A complex K G B w (Z 2 ^ ex ) is hyper- cuspidal if and only if the following 
holds: for any k-point z = (L 2 C M, s : Sym 2 L 2 — > A <S> fi) swc/i i/iai L 2 /ios a rank 1 isotropic 
subbundle (with respect to the form s) we have K z = 0. 

2) The functor W Z\ i2>ex : D(-2i)~* D w (Z 2l ex) induces an equivalence of triangulated categories 

B hcusp (Zi)^ B hcusp (Z 2 ) □ 

Remarks . i) For each integer d we have a closed substack i^ex given by the condition 

that L 2 admits an isotropic rank 1 subbundle (with respect to s) of degree > d. We have 
Yd C C . . .. A complex K G B w (Z 2 ^ ex ) is hyper-cuspidal if and only if its *-restriction to 
each Yd vanishes. 

ii) If s : Sym 2 L 2 — > A <8> ^ is such that L 2 has no rank 1 isotropic subbundles then the form s 
is generically nondegenerate, that is, L 2 <^-* L\ % A <8> $1 is an inclusion. 

Hecke functors preserve our equivariance conditions as well as hyper-cuspidality. Moreover, 
they commute with WZi t2tex , namely as in Sect. 5 one proves 

Proposition 9. 1) The functor H Z2 ex sends B w (Z 2 , ex ) to B w (X x Z 2 , ex ) and Bf cusp {Z 2 ) to 

2) The functor R Zl sends B hcusp (Zi) to B hcusp (X x Z\). 

3) We have a canonical isomorphism of functors R Z2 < ex o WZ\^% ex ^» (id X WZ± i2 e x) H^ 1 from 
D(Zi) to B W (X x Z 2)£X ). □ 

7.4 In this subsection we prove the following generalization of (|3], Theorem 7.9). 

Proposition 10. The functor H^ 2 : B(Z 2 ) — > B(X x Z 2 ) is right-exact for the perverse t- 
structures. 
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Let 7T3 2 : Z% — > ^2 denote the stack classifying (L 2 C M, s : Q 1 <^-» .4 <8> Sym 2 L 2 ) G i?2 
together with a line subbundle Li C L2 such that 

H 1 (X,Lr 1 8)( J L2/ii)) = 

The projection 7r 3j2 is smooth and surjective. Consider the diagram 

Z-2> ^ ^3 x Bun G ^3 

I """3,2 I I ""3,2 

2 2 ^ i?2 x Bun G T~(-G ^2, 

where the left square is cartesian. Define H^ 3 : D(Z 3 ) -> D(X x Z 3 ) by 

H^(K) = (suppxp3) !q *^^Q,(i)[l]®^> 

For K G B(Z 2 ) we have 7Tg 2 H 22 (K ) [dim] ^ H^ 3 (7r| 2 if)[dim], where dim is a funtion of a 
connected component of namely the relative dimension of the corresponding component 
over Zi. Since 71-32 [dim] is exact, it suffices to show that H Z:i is right-exact. 

For d = (di , d,2 ) with < d\ < c?2 denote by C Z3 the locally closed substack given by 
the condition that there exist a diagram 

Li C L 2 C M 

u u 

C L 2 , 

where C M is a subbundle of rank fc with deg(Lfc/L/j) = The stacks d Z^ form a 
stratification of Z3. 

For a; G X let x 7Yg C "Hg denote the preimage of x under supp : Tic - » X. The following is 
straightforward. 

Lemma 7. For a k-point of Z% let D be the effective divisor such that s : f2 _1 (.D) „4®Sym 2 L\ 
is a subbundle. Then the fibre of q% : Z% x Bun G He —> %3 over this point is contained in 

U ^3 ><Bun G xT~i-G D 
x'Gsupp(D) 

Given d= (d\,d%) and d! = (d^,d 2 ) denote by d ' d ' Z3 C £3 x Bun G ~Hg the intersection 

( P 3)- 1 ( J Z3)n(q 3 )- 1 ( J '23) 

For x G X let t' d Z3 denote the intersection of d,d ' Z3 with Z3 x Bun G x^G- Combining Lemma [7| 
with (p], Lemma 7.11), we are reduced to the following statement. 
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Lemma 8. For any d,d' and x € X the sum of (the maximum of) the dimensions of fibres of 
maps in the diagram 

cr P3 3,2' cr Is cr / 10 \ 

does noi exceed (7,2/5) = 3. 

Proof A point of s ' i?3 gives rise to the diagram 





C 




c 


M' 


U 




u 




u 


£i 


C 




c 


M 


u 




u 






Li 


c 


£ 2 , 







with dk = deg(Lfc/Lfc) and d^, = deg(L' k /Lk). We must examine the cases: 

1) d = d! . In this case a fibre of q3 is a point, because L' 2 generates a lagrangian subspace in 
M'/M'(—x). A fibre of p3 is 3-dimensional. 

2) d^ = di, = <^2 + 1- Then a fibre of q3 is 1-dimensional, becuase M must contain L' x . A 
fibre of p3 is 2-dimensional. 

3) d'i = d\ + 1, d 2 = ^2 + 1. Then L' 2 = L 2 + L'i and = Li(cc). A fibre of q3 is 2-dimensional, 
a fibre of P3 is 1-dimensional. 

4) d[ = di + 1, d' 2 = d 2 + 2. Then Z 2 = Z 2 (x). A fibre of p 3 is a point, because M' = M + Z' 2 . 
A fibre of q3 is 3-dimenisonal. □ 

7.5 Hecke functors on V2 

Recall the stack d V2 classifying collections: a modification of rank 2 bundles (L 2 C L 2 ) on X 
with d = deg(L 2 /iv2), A £ Buni, and a section s : A ® Sym 2 L 2 *. Lemma yields the 

equivalence of categories d J : "D^Vz)—* ~D w ( d Z 2 ). 
We are going to define for i = 0, 1, 2 the functors 

which, by construction, will satisfy the following property. 

Proposition 11. Let K G T) W (Z 2 ), d K € T>{ d V 2 ) and d F € B(X x d "P 2 ). Assume #roen for 
each d isomorphisms 

d J( d K) | d2 , and d J( d F) H^(if) 

where we used the *- restrictions. Then d F is an extension of objects iii p (f r ^ i K) (i = 0,1,2,) 
in the triangulated category D(A x d V2)- More precisely, there exist distinguished triangles in 
B(X x d V 2 ) 

C ^ d F^ 2^ V { d+2 K) and R v ( d K) -> C -» iH^ 1 ^) 



32 



7.5.1 Let 5 : X x d V 2 -»• d P 2 be the map sending (x € X, L 2 C L' 2 ,.A, s) to (L2 C L' 2 , «4(x), s'), 
where s' is the composition 

Sym 2 L' 2 ^A®Q^ A(x) <g> O 

Set oH 7 '(5') = Since 5q is quasi-finite, is right exact for the perverse t-structures. 

Consider the diagram 

X x d V 2 id ^° X x d V 2 h d+2 V 2 , 

where 5 2 sends (x € X, L 2 C L' 2 ,A,s) to (L 2 C L 2 (x), .A(2x), s). Note that idx<5 is a closed 
immersion. Set 

2 R V (S) = (id xJo)^ 

Since 5 2 is quasi-finite, is right exact for the perverse t-structures. 

Let d TC-p denote the stack of collections: A € Buni, modifications of rank 2 vector bundles 
L 2 C L 2 C L 2 with d = deg(L 2 /-^2), where L 2 /L 2 is a torsion sheaf of length one supported at 
x £ X, and a commutative diagram 

Sym 2 L 2 ' 

U U (13) 

Sym 2 L 2 A ^ O 

with s ^ 0. 

The existence of the latter diagram means that L 2 /L' 2 is an isotropic subspace of L' 2 (x)/L 2 
equiped with the form s : Sym 2 (L 2 (x)/L 2 ) — > („4(2x)/„4(x)) (g> ^. 
We have the diagram 

x x d v 2 supp ^ Pv d n v % d+1 v 2 , 

where p-p sends a point of d H-p to (L2 C L' 2 ,A, s). The map q-p sends a point of d TL-p to 

(£ 2 c4U(4s) 

The map supp : d H-p — > X sends a point of d 7^p as above to x. We set 

1 R v (S) = (snppxp v ) l q* v S[l](^) 

Proof of Proposition 

Recall the diagram we used to define the functor H^ 2 

suppxpa q2 „ 

A X ^S 2 ^S 2 X Bu n G /IG ^2 

Given d < d! set d ' d 'Z 2 = q 2 l { d 'Z' 2 ) n p 2 V- 2 ^)- We wil1 calculate the direct image under 
supp xp2 with respect to the corresponding stratification of Z 2 x Bung Wg- Let u, u denote the 
maps in the induced diagram 

X x d z' 2 A 2 2 A d 'z 2 
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Let K be the *-restriction of q 2 K to d ' d 2,2- A point of d ' d Z 2 gives rise to the diagram 

L 2 c M' 
u u 

L' 2 C M 

u 

with d = deg(L' 2 /L 2 ) and d! = deg(L 2 / '£ 2 ). We must examine three cases: 

1) d = d' . Then L 2 = L' 2 , and a fibre of u admits a free transitive action of the geometric 
fibre (.4 -1 (g) Sym 2 L / 2 ) a; . The complex K is constant along the fibres of u. So, qY^^K) is the 
contribution in d F of the stratum rf ' d iJ 2 

2) d' = d + 2. For a fc-point of X x d Z 2 we have L 2 = L 2 (x) and M' = L 2 + M in the above 
diagram. If Sym 2 L 2 — > A <8> Q does not factor through ^4 Q(—x) then the fibre of u over 
this point is empty, otherwise this fibre is a point scheme. In the second case the extension 
— > Sym 2 L' 2 ' — >? — > *4(x) — > is the push-forward of — > (Sym 2 L' 2 )(x) — ►? — ► „4(x) — > under 

(Sym 2 L 2 )(x)^(Sym 2 L 2 )(2x) 

So, the contribution of d - d + 2 Z 2 in d F is 2 H p ( d+2 A"). 

3) d' = d + 1. Fix a fc-point of X x rf iJ 2 and denote by Y" the corresponding fibre of u. 

Let Y be the scheme of L 2 such that L 2 C L 2 C L' 2 (x) gives rise to the diagram 1)13)1 . Note 
that y^P 1 if the form on L' 2 (x)/L' 2 is zero, 1" is a point if the kernel of the corresponding form 
is 1-dimensional, and Y consists of two points if the form on L' 2 (x)/L' 2 is non degenerate. 

The fibres of the projection Y — ► Y are isomorphic to A 1 . More precisely, the 1-dimensional 
space A' 1 <8> Sym 2 (L 2 /L 2 (— x)) acts on a fibre freely and transitively. 

To see that the restriction K |y is constant along the fibres of Y — > Y, note that the 
morphism A~ l (g) (Sym 2 L' 2 )(—x) — > Q factors as 

A- 1 <8> (Sym 2 L 2 ')(-x) M -» 

where is the upper modification of A~ l ® (Sym 2 L 2 )(— x) defined by the 1-dimensional sub- 
space A' 1 (S> Sym 2 (L 2 /L 2 (— x)) in the geometric fibre .4 -1 (g) Sym 2 (L 2 )a;. 

It easily follows that the contribution of d > d+1 Z 2 in d F is {R v ( d+1 K). □ 

Corolary 2. Let K G V> w (Z2) and d K € D( d "P 2 ) equiped with isomorphisms d J( d K)^K \dz' . 
Assume 

K Z 2(K)^W M K[8\(-) 

for a local system W on X. Then for each d the complex WM d K[3](~) is an extension of objects 
i^^K) (i = 0,1,2) in the triangulated category B(X x d V 2 ). □ 
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7.6 Hecke functors on S 

Let <S denote the stack classifying L 2 € Bun2, A € Buni and an inclusion of coherent sheaves 

J 2- 



s : f2 1 > „4 <g> Sym 2 L%. Define the following Hecke operators for i = 0, 1, 2 



iH 5 : D(«S) -> D(X x S) 

Let <5o : -X" x S — > <S be the map sending (x G X, L2, A, s) to (L2, ^4(x), s'), where s' is the 
composition 

Sym 2 L 2 A <g> O ^ ^l(x) (g) SI 
Set oH 5 (ET) = SqK. Since <5q is quasi-finite, qH 5 is right exact for the perverse t-structures. 



Consider the diagram 



X X S <— I X S ^ S, 



where 5 2 sends (x 6 -X", Z^i^-s) to (X^O^)) -4(2:r), s). Note that idx^o is a closed immersion. 
Set 

2 H 5 (ET) = (idx5 )^K 

Let 7"^ denote the stack of collections: A E Buni, modifications of rank 2 vector bundles 
L 2 C L 2 > with div(L' 2 /L2) = x, and a commutative diagram 

Sym 2 L 2 A®£l(x) 

U U (14) 

Sym 2 L 2 A .A ® 

with s ^ 0. The existence of the latter diagram means that L' 2 /L2 is an isotropic subspace of 
L 2 (x)/L 2 equiped with the form s : Sym 2 (L 2 (x) / L 2 ) — > (A(2x)/A(x)) <8> 0. 
We have the diagram 

X x S sup r Ps H B % S, 

where p$ sends a point oiTig to (L 2 ,A, s). The map sends a point of Tig to (L 2 , .A(x), s). 
The map supp : Tig ^ X sends a point (fTl)) to x. Set 

1 H 5 (^) = (suppxp < 5) ! q*-K[l](i) 
7.6.1 Define the functor Fg : D(Bunc) — > D(5) as follows. Given K G D(Bunc) set 

ir 1 = a|if[dim.rel](^^) J (15) 

where dim. rel is the relative dimension of the corresponding connected component of Z\ over 
Bung. Let Kp denote the restriction of K\ to the open substack Bunp C Z\. Set 

F S (K) = Fout(K p ) |s 
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Proposition 12. Let K G D(Buiig) be a Hecke eigen-sheaf corresponding to a G-local system 
W d onX. Set F = F § {K). Consider the local systems W = and W° = W|°. Then 
1 ) there exist distinguished triangles in D (X x S) 

C-WBF-> 2 H 5 (F)[3](|) and H 5 (F)[-3](^) -» C -> ^"(F) 
£j For <5 2 : X x «S -> 5 we have 5%F^W° M F. 

Proof 1) Let K\ G D(Zi) be given by (|15|). Recall that a point of d Z\ is given by 

(.4 G Bun 2 , L 2 C L' 2 , -> Sym 2 L' 2 -»? -> .4 -> 0) 

Let : — > Bunp be the map forgetting L 2 . Calculation of dimensions shows that for the 
*-restriction 

KiU Zl ^(r P TK P [3d}(^) 

canonically. Recall that a point of d V 2 is given by (^4 G Buni, L 2 C L 2 , s : Sym 2 L f 2 — > A <8> 
Let r : d, P 2 — ► 5 be the map forgetting L 2 . 

Set F; 2 = WZ li2 (Ki). For each d set d K 2 = T*F s (K)[3d]{^). Then for the *-restriction we 
have canonically 

K 2 Uz 2 ^ d J( d K 2 ) 

One easily checks that for i = 0,1,2 we have canonical isomorphisms of functors 

(idxr)* OiRS^iRP or* 

from D(<S) to D(I x d V 2 ). 

By CorolaryEJ for each d the complex W M d A" 2 [3](|) is an extension of objects {II^ ( d+l K 2 ) 
(i = 0, 1, 2) in D(X x d V 2 ). Specifying to d = 0, one gets the desired assertion. □ 

7.7 The stacks rss S cS cS 

7.7.1 Let S denote the stack classifying L G Bun 2 , C G Buni and a map Sym 2 L — > C inducing 
an inclusion of coherent sheaves L ^ L* ®C. The map 5 ^ <S given by L 2 = L, „4 = C (8) 
is an open immersion. 

Since the open substack S C S is defined by a condition at the generic point of X, the Hecke 
operators jH 5 preserve this open substack, we denote the corresponding functors by 

iH 5 : D(5) -»■ D(X x S) (i = 0,1,2) 

Let 5d denote the union of those components of S for which 2 deg C — 2 deg L = d. Note that 
<i > is even. 

The nonramified two-sheeted Galois coverings X — > X are in bijection with Hg t (-X', Z/2Z), 
and also in bijection with the isomorphism classes of pairs (£,k), where £ is a line bundle on X 
and k: £® 2 ^0. 
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Lemma 9. The stack So classifies pairs: a two-sheeted nonramified covering X — > X and a line 
bundle B on X. 



Proof 1) Given a Galois covering tt : X — > X of degree 2 and a line bundle BonX set L = n^B. 
Let a be the nontrivial automorphism of X over X. Let £ denote the anti-invariants of tt^O^ 
under a, so tt*O x ^Ox © £■ Note that xT^C^ is equiped with the nontrivial descent data 

a*O x = O x ~-Xo x 

Set C = (det L) ® £, so 7r*C identifies with B © a*B equiped with the natural descent data 

a*(B © a*B) = £> © a*B £> © a*B 
We have canonically ti*L^B © a*B, where a acts on B © a*B naturally. The projection 

Sym 2 (B(Ba*B) —> B ® a*B 

with the natural descent data gives rise to a map Sym 2 L — > C, which is a point of So- 

2) On the other side, let s : Sym 2 L — > C be a point of So- Let X C P(L) be the two-sheeted 
covering of X whose fibre over x E X is the set of isotropic subspaces in (L) x . Let # be the line 
bundle on X whose fibre at V C L x is V itself. For tt : X — > X we get tx^B^L canonically. 

Let a be the nontrivial automorphism of X over X. Let £ denote the c-anti-invariants in 
tx^O. By 1), we have the symmetric form Sym 2 L — > £ (g> det L, which is also a point of Sq. Let 
denote the kernel of Sym 2 L — > 5 det L. Let us show that the composition 

E -> Sym 2 L -> C 

vanishes. It suffices to prove this after applying 7r*, but tt* E^ B® 2 © o"*^?® 2 . So, we get a map 
tl included into the commutative diagram 

Sym 2 L -> £ © det L 
C 

Since both symmetric forms on L are everywhere nondegenerate, tl is an isomorphism. □ 
Remark 6. i) A version holds for a curve which may be not complete. 

ii) If in the above lemma B = O on X then Z/2Z acts on tt*B = L. So, L^O © £, where £ is 
the line bundle of anti-invariants. The map Sym 2 L — > £ ® det L becomes O © £ © f® 2 — > 0, it 
is given by (1, 0, —k). The curve X can be recovered from (£, k) as {e G £ | ft(e 2 ) = 1}. 

7.7.2 Let r "XW C X^ be the open subscheme of divisors of the form x\ + . . . + with Xi 
pairwise distinct. Denote by rss Sd C Sd the preimage of rss X^ under the map Sd — > X^ 
sending a point of 5^ to div(L* © C/L). Set 

RCov d = Bum x Bu nr ss X^, 
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where the map rss X^ — > Buni sends D to Ox(—D), and the map Buni — > Buni takes a line 
bundle to its tensor square. 

It is understood that rss x(°) = Speck and the point rss X^ — > Bunx is Ox- 
Proposition 13. XTie two-sheeted coverings it : X — > X ramified exactly at D G rss x( d ) fmi/i 
X assumed smooth) form an algebraic stack that can be identified with RCov rf . 

T/ie siacA; rss 5 ( j classifies collections: D G rss^(d)^ fl two-sheeted covering n : X ^> X 
ramified exactly at D, and a line bundle B on X. 

Proof 1) Given a two-sheeted (ramified) covering tt : X — > X and a line bundle BonI set 
L = 7r*i3. Let <r be the nontrivial automorphism of X over X. Let xi, . . . , Xd G X be the points 
of the ramification and xi, . . . , x d their preimages. 

We have a canonical inclusion it* L ^ B (B cr* B , actually 

7t*L = {veB® a*B | the image of v in (B a*B) 5i lies in % d -^ g {B © (7*2% for all i} 

In particular, 7r* (det L)^B © <7*£>(— xi — ... — x^) . 

Let £ denote the a-anti-invariants in 7r*0, so it*0 ^ 0@£. Clearly, 7r*£^> 0(— x\ — . . . — x d ), 
and a acts on 7r*£ as —1. This yields an isomorphism 

/e:5® 2 =?0(-xi-...-x d ) 

The diagram 

7r*Sym 2 L C B® 2 © (B © <r*£) © {a*B)® 2 

I 

7r*(£©detL) C B®a*B 

shows that tt* Sym 2 L — > 7r*(£ © detL)(2xi + . . . + 2x d ) is regular and surjective. This map is 
compatible with the descent data, so gives rise to a regular surjective map 

s : Sym 2 L -> (£ ©detL)(xi + . . . + x d ) (16) 

For each Xj on the fibre L Xi = B/B(—2xi) we get a symmetric form whose kernel is exactly 
B(—Xi)/B{—2xi). Further, s induces an inclusion 

L ^ (£ © L* © detL)(xi + . . . + x d )^L © £(xi + . . . + x d ) 

and the quotient (L © £(xi + . . . + Xd))/L is of length d. 

For each Xj there is a base in L(S><D Xi and in £®0 Xi such that the matrix of s : Sym 2 ((9 2 i ) — > 
Xi (xj) over the formal disk at x« becomes 




where i G is a local parameter. In other words, 

{£ © L(xi + . . . + x d ))/L =J 0/0(- Xl ) © ... © 0/0{-x d ) 
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2) On the other side, let s : Sym 2 L -» C be a k-point of 5 with (L* ® C)/L^O xl ® . . . ffi C Xd . 
Set D = x\ + . . . + Xd- Note that s is surjective. Let Z C Sym* L denote the homogeneous 
ideal generated by the image of s* :C* ® (det L) 2 ^> Sym 2 L. Let X C P(L) denote the closed 
subscheme given by T. Over X — D this is exactly the curve of isotropic subspaces in L, as in 
Lemma E| Write ir : X — > X for the projection. 

We claim that X is smooth. To check this in the neighbourhood of Xi, pick a base e±, e 2 in 
^ ® and e £ C® C> Xi such that the matrix of s : Sym 2 (L <g> Xi ) — > C (8> Xi in these bases 
becomes 

1 

t 

where t G O x . is a local parameter. Then X Xx SpecC^ identifies with the closed subscheme 

Y t — ► P 1 x SpecO Xi given by + tn| = 0, where u\,u\ are the homogeneous coordinates on P 1 . 
The ring 

d Xl [u l /u 2 }/{{u 1 /u2) 2 +t) 

is a standard ramified extension of Xi of degree 2. The scheme Ixj{ SpecO Xi is regular, so X 
is smooth. Note that n~ 1 (xi) =: Xi are exactly the ramification points of n. 

Let B be the restriction of to X, it is equiped with n*L — > £>. Let us check that the 

induced map L — > 7r*S is an isomorphism. This is easy over X — D. Let i : Y <— ► P 1 x SpecO^ 
be as above, £ : P 1 x Spec — > SpecC^ be the projection. We must check that 

6,0(1) -> 

is an isomorphism. Define V by the exact sequence — > V — > 0(1) — > z*i*0(l) — ► on 
P 1 x Spec 0a-. It suffices to show that R^V = 0. But this is easily checked fibrewise over Xi . 

Let a be the nontrivial automorphism of X over X. Let £ denote the u-anti-invariants in 
7r*0, so ir^O^O © £. By 1), we have £® 2 ^i 0{— x\ — ... — a^) canonically, and L is equiped 
with the form (|16|) . Define the vector bundle £ on X by the exact sequence 

->• £ -> Sym 2 L A (f ® det L)( Xl + . . . + x d ) 

As in Lemma El one checks that the composition E — * Sym 2 L — > C vanishes, and the induced 
map (£ (8> det L){x\ + . . . + xj) — > C is an isomorphism. □ 

7.8 Local version S' oc of the stack 5 

7.8.1 Set = and F = k((t)). Let <S ioc denote the stack classifying: a free 0-module 

L of rank 2, a free 0-module C of rank 1, and a map s : Sym 2 L — ► C inducing an inclusion 

L <^-» L* ®C. 

Set Sym + (0) = {5 G Mat 2 (0) \ t B = B, det B / 0}. This is a /c-scheme not of finite 
type. Further, GL(2,0) x 0* is a group scheme over A; (not of finite type), and S loc identifies 
with the stack quotient of Sym + (0) by the action of GL(2,0) x 0* given by B i-> AB( t A)e, 
(A, e) G GL(2, 0) x 0*. 
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Given a /c-point (L,C, s) of S , there exist bases ei,e2 € F and e E C such that the matrix 
of s in these bases is diag(t a , t b ) for some a > b > and 

F* © C/L^O/t a O © o/t b e> 

It follows that two /c-points (L,C, s) and (F',C, s') are isomorphic if and only if the 0-modules 
L* ®C/L and V* ®C' JL' are isomorphic. We identify the set of isomorphism classes of /c-points 
of S loc with 

$ = {(a, b) € Z 2 | a > b > 0} 

For a closed point x G X a choice of an isomorphism 0^-Ox,x yields a map S —* <S Zoc given 
by the restriction of (F,C,s) under SpecOj^z — ► -X"- 

7.8.2 Denote by Covp the /c-stack associating to a scheme S 1 the groupoid of pairs (S", ir), 
where S' is a scheme, and ir : S' — > S" x SpecF is an etale covering of degree 2. 

The stack Cov^ has (up to isomorphism) two /c-points (SpecF', 7r), where the F-algebra F' 
is one of the following 

• F' ^ k((tz)) (anisotropic case) 

• F' ^ F © F (hyperbolic case) 

Given an S-point (S' , tt) of Covp, consider the rank 2 vector bundle L = ir*Os' on5x SpecF. 
Let a be the nontrivial automorphism of S' over S x SpecF. We have L = Os ffi £, where £ 
denotes u-anti-invariants in L. We have a canonical isomorphism k : £® 2 ^ OsxSpecF- As in 
Remark El F is equiped with a symmetric form 

Sym 2 L ^ SxS pecF ®£®£® 2 
[ s / (1,0,-k) 

C>Sx SpecF, 

The form s in non degenerate, that is, induces an isomorphism F^>F* of OsxSpecF-modules. 

For a /c-point of Cov^, the symmetric form on L is either hyperbolic or anisotropic, this 
explains our terminology ( 8 , ch. 1). In the anisotrpic case n{t^ © ia) =t. 

It is easy to find a A 1 -point of Cov^ such that over G m C A 1 we get the hyperbolic point of 
Covf and over € A 1 we get the anisotropic point. 

We have a morphism of stacks S loc — > Cov^ defined as follows. If (F,C,Sym 2 F —> C) 
is a 5-point of S loc then we have an isomorphism of vector bundles F^(F* © C) IsxSpecF 
over S x SpecF. Define S' C P(F) IsxSpecF as the closed subscheme corresponding to the 
homogeneous ideal in Sym 2 (L © F) generated by the image of 

C* © (det L) 2 © F -> Sym 2 (F © F) 

Then 7r : 5' — ► 5 x SpecF is a point of Coyp. 

The image of the /c-point (a,b) € 3? under <S ioc — > Covp is anysotropic if a — b is odd and 
hyperbolic otherwise. 
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7.9 For d, k > let 

c . rss o rss o 

C,d,k ■ &d,k —> <->d 

denote the stack over rss Sd classifying: a point of rss Sd given by (L,C, Sym 2 LiC),a subsheaf 
V C L, where L/L' is a torsion sheaf of length k on X, such that the composition 

Sym 2 L' — > Sym 2 L A C 

is surjective. 

We have a morphism of stack rss Sd,k x X( m ) — > S sending (1/ C L,C,Sym 2 L A C, D' G 
X( m )) to (L' ,C(D'), s'), where s' is the composition 

Sym 2 L' -> Sym 2 L^Cm C(ZT) 
Proposition 14. XYie stacks rss Sd t k x X^" 1 ) /orm a stratification of S. 

Proof Recall that a point of S is given by (L, C, Sym 2 L —> C). Let 5° C S be the open substack 
given by the condition that s is surjective. Sratifying 5 by length of the cokernel of s, we are 
reduced to show that rss Sd k form a stratification of 5° . 

Let (L',C,s) be a fc-point of 5°. Set D = div((L'* <g) C)/L') and write D = ^,d x x. The 
restriction of (L'* ®C)/V to SpecOx.z is isomorphic to O/t^O, where t x is a local parameter 
at x. There is a unique subsheaf I'ciC V* ® C such that s extends to a map Sym 2 L — > C 
yielding 

and 

(L*«C)/L' ~ f °' if ^ iseVen 



Our assertion follows. □ 
7.10 The stack S t 

Fix a fc-point of RCov given by D n e rss X^ and vr : X -» X ramified exactly at 
Given a point (L, C, Sym 2 L A C) of 5, set 

D = div(L* ®C/L) 

and let 71^ : Xi — > X — D denote the corresponding two-sheeted covering defined as in LemmaE! 
Denote by S n the stack classifying: a point (L, C, Sym 2 L — > C) of <S together with an isomorphism 
over X — D 

X L TT-^X-Z)) 

X -I? 

(note that does not intersect X — D, because ttl is unramified). 
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7.10.1 Let E be a rank one local system on X. We are going to define the category P (S w ) of 
i?-equivariant perverse sheaves on S w . 

Let (X x S^) C X x S n be the open substack of those x G X, (L,C, Sym 2 L — > C) G for 
which the map L — > L* <g> C is an isomorphism over the formal disk around 

Let (X x 5,,-) denote the preimage of (X x S n )° under 

tt x id : X x Sj, ^ X x S w 

Write TLs^ f° r the stack classifying: a point of (X x 5^)° given by (L,C,Sym 2 L A C) G 5^, 
x£l together with a commutative diagram 

Sym 2 L' -> C(x) 

u u 

Sym 2 L A C, 

where L C L' C L(x) is an upper modification of L with x = div(L'/L). 
We have a diagram 

(X x 5.)° supP ^ W 5 „ * 5., 

where supp xps^ sends a point of to (L, C, Sym 2 L A C) G 5 T together with the point i£l 
corresponding to the isotropic subspace L'/L C L(x)/L, so 7r(x) = x. Actually, supp xp^ is an 
isomorphism. The map sends the above point to 

(L', C(x), Sym 2 ll -► C(s)) G ^ 

The following is a version of the Waldspurger category that will be introduced in Sect. 8. 

Definition 4. Let P E (S W ) be the category, whose objects are pairs: a perverse sheaf F on S v 
and an isomorphism 

(suppxpsJiq^F^KF 

over (X x S w ) . The morphisms in P(<S„-) are the maps of the corresponding perverse sheaves 
compatible with the equivariance isomorphisms. 

8. Waldspurger model for GL 2 

8.1 Fix a fc-point of RCov d given by D n G rssj^(d) anc j n . j£ — > X ramified exactly at D n . 
Denote by a the nontrivial automorphism of X over X, let 6 be the cr-anti-invariants in tt^O-^. 

Fix a /c-point a; G X, write O x for the completed local ring of X at x and i*^ for its fraction 
field. Write F x for the etale i^-algebra of regular functions onlxjf Specif. If x G D w then 
F x is anysotropic otherwise it is hyperbolic (cf. Sect. 7.8.2). Denote by O x the ring of regular 
functions onlxjf SpecO x . 

Definition 5. Let Wald^'' oc denote the stack classifying: a free O^-module L of rank 2, a free 
.F^-module B of rank 1 together with an isomorphism £ : L <S>o x E X ^B of F^-modules. 
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Let GL(F X ) denote the group of automorphisms of the F x -linear vector space F x , let GL(O x ) C 
GL(F X ) be the stabilizor of O x . Then Wald^ oc identifies with the stack quotient of the affine 
grassmanian Gr^ := GL(F X )/ GL(O x ) by the group ind-scheme F*. 

A choice of a base in the free (^.-module O x yields isomorphisms GL(F X ) ^ GL^-F^), 
GL{O x )^ GL 2 (O x ), and an inclusion F* ^ GL 2 (F X ). 

For a fc-point of Wald^ oc consider the set of free O x -submodules of rank one B ex C B such 
that £(L) C B ex . This set contains a unique minimal element that we denote by B ex . 

In both split (x ^ D n ) and nonsplit (x G D n ) case the isomorphism classes of fc-points 
of Wald^ oc are indexed by non negative integers m > 0, the corresponding point is given by 
deg(B ex / L) = m. Denote by Gr 7 ^ the F*-orbit on Gr& corresponding to m > 0. 

In matrix terms, in the split case O x ^O x ® O x has a distinguished (defined up to permu- 
tation) base {(1,0), (0, 1)} over O x . This base yields an inclusion F* <— > GL2(-F X ) whose image 
is the set of diagonal matrices. Then F*-orbit on GL2(F X )/ GL^Ox) corresponding to m > is 
given by the matrix 

t m 1 
1 

where i € is a local parameter (cf. [3], Sect. 1). 

In the nonsplit case the lattice O x O x t m+ 2 c ^ is a representative for the Fjf-orbit on 
Gr^, corresponding to m > 0. Here t € O x is a local parameter. 

8.2 In the same manner as in [I] we can consider the following global model of Wald^'' 00 . 

Definition 6. Let Wald^ denote the stack classifying: a rank 2 vector bundle L on X, a line 
bundle B on tt^ 1 (X — x) and an isomorphism L^ir*B over X — x. 

As in Proposition 1131 a point of Wald^ gives rise to a map 

s : Sym 2 L — > (£ ® det L)(D T + oox) 
Write Wald*'- m >Vald£ for the closed substack given by the condition that 

s : Sym 2 L -> (5 (8) det L)(Z) 7r +ira) (17) 

is regular. 

Lemma 10. T/ie stacfc Wald^'- m is algebraic, so Waldi^ is an inductive limit of algebraic stacks. 

Proof Set RCov = Buni Xb U hi^^> where the map X( d ) -» Buni sends D to O x {-D) and 
Buni — > Buni takes a line bundle to its tensor square. We have a map Sd — > RCov sending 
(L,Sym 2 L C) to (detL) OC" 1 equiped with (det L)® 2 ® C®" 2 O(--D), £> G X® . 

For d = degD^ + 2m consider the fc-point (£(— mi), (£(— mi)) 82 — > 0(— D w — 2mx)) of 
RCov*. Then Wald£'- m is the fibre of S d -> RCov 1 over this fc-point. □ 
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Denote by 

Wald*' m ^ Wald^ m (18) 

the open substack given by the condition that (fTT)) is surjective. The stack Wald^ ,m classifies 
collections: a line bundle B ex on X, for which we set L ex = ir*B ex , and a lower modification 
L C L ex of vector bundles on X such that the composition is surjective 

Sym 2 L — > Sym 2 L ex —> C 

and div(L ex /L) = mi, Here we have denoted C = (£ <g> det L ex )(D 7T ), so (L ex , C, Sym 2 L ex A C) 
is the point of rss S corresponding to B ex . 

Another way to say is that the stratum Wald^' m is given by fixing an extension of B to a 
line bundle B ex on X such that for L ex := ir*B ex we have L C L ex and B ex is the smallest with 
this property. Then L ex / X^> O x /t m , where t 6 O x is a local parameter. 

Denote by pr w : Wald x,m — > PicX the map sending the above point to B ex . 

8.2.1 Here is one more description. Denote by (PicX) x the scheme classifying a line bundle B ex 
on X together with a trivialization B <8> O x ^O x . The group O* acts on (PicX) x by changing 
the trivialization. It is well-known that this action extends to an action of the group ind-scheme 
F* on (PicX) x . 

Consider the action of F* on (PicX) x x Gr^, which is the product of natural actions on 
the factors. Then Wald^ identifies with the stack quotient of (PicX) x x Gr^, by F*. Let 
/w : (PicX)^ x Gr^ -> Wald^ be the corresponding map. 

8.3 Fix a rank one local system E on X. The 0*-orbits on Gr^, are finite-dimensional. So, we 
have the category of 0*-equivariant perverse sheaves on Gr^. 

Definition 7. Waldspurger category P E (Gvp ) is the category of those (5*-equivariant perverse 
sheaves on Grs, that 

• (the nonsplit case) under the action of a uniformazer E F*/0* change by E x , where 
ir(x) = x. 

• (the split case) under the action of a uniformizer t x G F*/0* change by E x for both 

X E TT (x). 

One should be carefull about the following. Though P^(Gr^, ) is a full subcategory of the 
category P(Gr^) of perverse sheaves on Gr^ , the Ext groups in these two categories may be 
different. This is due to the fact that the C*-orbits on Gr^, are not contractible. 

Denote by AE the automorphic local system on PicX corresponding to E. For d > its 
inverse image under X^ d ' — > Pic d X identifies with the symmetric power E^ of E. Define the 
perverse sheaf W m on Wald^ as the Goresky-MacPherson extension of 

pr^^®Q,[l](^ dimWald " m 
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under (fT5|). 

For any /c-point of Gr^, its stabilizor in F* is connected. So, the irreducible objects of 

P E (Gip ) are indexed by in > 0, the irreducibe object W m £ P E (Gvp ), defined up to a scalar 
automorphism, can be described by the following property: for the diagram 

Wald* £2 (PicXf x Gr^ pr ^ id PicX x Gr^ 

we have (pr* AE) M W m =J /^W m . 

The group scheme (PicE') a: acts on Wald^ as follows. The action map 

act : (Pic£) x x Wald£ -» Wald* 

sends (23' , (Pic£) x and (B,L,n*B^L \ x _ x ) e Wald£ to 

{B®B',n*{B®B')^iL' \ X - X ) € Wald£, 

where the vector bundle L' on X is the gluing of ir*{B ® B') \x—x an d £ | Speedy via the 
isomorphism (7t*(jB (8) B')) ® F x ^i L ® F x induced by v. 

Let P s (Wald£) be the cate gory of perverse sheaves on Wald^ that change by pr* E under 
the action of (P\cE) x , where pr : (V\cE) x — > Pic-E is the projection. 

Here is one more description of this category. Let 

qwaid : 7r -1 (X - x) x Wald£ -> Wald* 

be the map sending (x, B^tx^B^ L \x-x) to (B(x),TT il: B(x)^i L' \x-x), where the vector bundle 
L' on X is the gluing of 7r*£?(:r) |x-x an d L®O x via the isomorphism (7r*£>(2;)) ® F x ^+ L ® F x , 
which is due to the fact that ir(x) ^ x. 

Then P s (Wald^) is equivalent to the category of pairs: a perverse sheaf F on Wald^ and 
an isomorphism q^aid^ 1 ^ ^ 

The irreducible objects of P s (Wald^) are exactly W m , m > 0. 

8.4 Let Sph(GrGL 2 ) be the category of GL2(02;)-equivariant (spherical) perverse sheaves on the 
affine grassmanian GrQL 2 • This is a tensor category equivalent to the category of representations 
of GL 2 over Q e (0). It acts on D(Wald^) by Hecke functors as follows. 

Let x TiGL 2 denote the Hecke stack classifying vector bundles L, V on X together with an 
isomorphism [3 : L^U \x-x over X — x. Consider the diagram 

Wald* & Wald* x Bu n 2 x Hgi* ^ Wald*, 

where pw sends a collection (L, L' , (3, B, ir^B^i L \x-x) to (L, 23, 7r*£?^ L \x-x) and qyy sends 
this collection to (L', B, ir^B^ V \x-x)- 

Let Bunf be the stack classifying L € Bun2 together with its trivialization over SpecO x . 
The projection qcL 2 : x7~Lgl 2 — ► Bun2 forgetting L can be realized as a fibration 

Bunf X GL2 ( 0;c ) Gr G L 2 -> Bun 2 , 
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so for K £ D(Wald^) and A G Sph(GrGL 2 ) we ma Y form the corresponding twisted exterior 
product KMA. It is normilized so that it is perverse for K perverse and 

B(KMA) =JB(if)i B(A) 

Let H(.4, •) : D(Wald^) -» D(Wald^) be the functor given by 

Il(A,K) = (p w ),{KMA) 

These functors are compatible with the tensor structure on Sph(GrGL 2 ) m the sense that we 
have isomorphisms 

n{Ai,n{A 2 ,K))^R(Ai*A 2 ,K), (19) 

where A\ * A2 € Sph(GrGL 2 ) is the convolution (cf. [I], Sect. 5). One checks that P s (Wald^) 
is preserved by Hecke functors. 

Theorem 4. 1) For d > let A = (d, 0) £ ^-gl 2 ■ ^ e ^ ave a canonical isomorphism 

K(A x ,m)^m 

2) For A = (1,1) and d > we have canonically 

Wd ® Ef 2 , the nonsplit case, ir(x) = x 

Wd <8> Exi ® £k 2 > ^ e case, 7r _1 (x) = {2:1,22} 



K(Ax,W d ) 



8.5 Set Aq Lz = {(ai > a 2 ) | ai £ Z}. We view Aq L2 as the set of dominant coweights for 
GL2. For A = (01,02) £ ^gl 2 denote by Gr^, C Gr^ the locally closed subscheme classifying 
Oz-sublattices L C t a2 O x such that 



t a2 6 x /L^o x /t a i- 



-a 2 



as CX-modules. Let Grs denote the closure of Gr^, in Gr^ . 

p x F x Fx 

Our proof of Theorem|I]is inspired by ([1], Theorem 4), the following is a key point. 

Proposition 15. For m > and a dominant coweight A = (ai > a 2 ) of GL2 iae intersection 
Gr^ n Gr^? is non empty iff < m < a\ — 02 and /ias pure dimension m. 

Proof 1) (the split case). Use the matrix realization of Gr^, as in Sect. 8.1. Using the action 

of the center of GL2, we may reduce to the case A = (a, 0). Stratify Gr GLa by intersecting with 
A^(F x )-orbits on the affine grassmanian, where C GL2 is the standard maximal unipotent 
subgroup. For all strata the argument is the same, let us explain it for the open stratum 



1/' ' V o 1 
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which we identify with O x /t a via the map y q 1 J ^' P orn t b G 0/t a lies in Gr^f iff 
b G t a ~ m O*. 

2) (the nonsplit case). Let t £ O x be a local parameter. Multiplying by an appropiate power of 
t we are reduced to the case A = (a, 0). Then Grp x is the scheme of O^-sublattices L C O x such 
that dim(O x /L) = d. The intersection Gr^ n Gr^ is then the scheme of sublattices 

L C t^ a ~ m ^O x C O x 
such that dim(i5( a ~ m ) O x ) / L = m and L ^ t 9 ^ ±1 O x . Our assertion follows. □ 

Remark 7. In the nonsplit case the schemes Grj^ nGr^ are connected, whence in the split case 
they admit several connected components. 

Actually, we need the following a bit different result. Given A G ^gl 2 an( ^ C x -lattice L C F x , 

denote by Grp x (L) C Gr^ the closed subscheme of ©^-lattices V C F x such that 

(L', L, L © F x ^ L 1 © F x ) G GT^ (L) 
More precisely, for any isomorphism L^O x © O x of O x -modules the corresponding point 

(L',L'®F X ^F X ®F X ) G&g L2 

Proposition 16. Let m > and L <Z F x be a O x -lattice lying in Gr 1 ^ . For a dominant coweight 

A = (d, 0) o/ GL2 i/ie intersection Gip x (L) n Gr 1 -, is empty unless d > m. For d > m it is a 
point (resp., a union of d — m + 1 points) in the nonsplit case (resp., in the split case). 

Proof 1) (the nonsplit case). Multiplying by a suitable element of F*, we may assume L = 
Ox © 02^ m+ 2. The scheme Grp (L) classifies O^-sublattices L' C L such that dim(L/Z/) = d. 
A point L' of this scheme lies in Gr 1 -, if and only if V = t~^~O x . Our assertion follows. 

2) (the split case). Choose a base {e\,e2} in O x over O x as in 8.1. Multiplying by an suitable 
element of F* we may assume 

L = t m O x e 1 ®O x (e 1 + e 2 ) 

The scheme Gr^(L) classifies O^-sublattices L' C L such that dim(L/L') = d. A point L' of 
this scheme lies in Gr% if and only if V = t ai O x e\ © t a2 O x e2 for some ai,<X2 > such that 

Fx 

d + m = a\ + a2- So, the intersection in question identifies with the set of pairs {(ai, 02) | ai > 
m, d + m = a\ + 02}- D 

Proof of Theorem^ 2) is easy and left to the reader. 
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1) We change the notation letting A = (0, —d) G Aq L for given d > 0. We will establish 
canonical isomorphisms 

Wd <S> Ef~ 2d , the nonsplit case, ir(x) = x 

W d <g> Ef~ d <g> Eg~ d , the split case, tt" 1 (x) = {x u x 2 } 



H(A,W )' 



Denote by K m the *-restriction of H(A\, Wo) to Wald^' m . Since Wald£° is closed in Wald£ 
and Wo is self-dual (up to replacing E by £?*), our assertion is reduced to the following lemma. 
□ 

Lemma 11. We have K m = unless m < d. The complex K m is placed in non positive (resp., 
strictly negative) perverse degrees for m = d (resp., for m < d). We have canonically 

K d ^ (pr^ AE) ® R ® ® e [1] ( 1 ) ® dim Wald " d , 

where pr w : Wald^' d — > Pic X is i/ie projection and 

{Ef~ 2d , the nonsplit case, tt(x) = x 

Proof Consider a point r\ = (B ex ,L C L ex = tt^B^) of Wald^' m , so rax = div(L ex /L). Write 
xT~t-GL 2 f° r the closed substack of x T~iGL 2 that under the projection qcL 2 identifies with 

Bunf X GIj2 ( 0:c )Gr GL2 -» Bun 2 

Choose a trivialization of £> e;c over SpecO x . The fibre of pyy : Wald^ x Bun2 xHq^ — > Wald^ 
over rj identifies with Gt g ^^ X \l), where we have set —wq(X) = (d,0). For the diagram 

Wald* ^ Wald^XBun 2 xHGL 2 - Wald^ 
we get H(A\,-) = (pw)!lvv(')[^](f )• O nl y tne stratum 

contributes to K m . By Proposition 1161 for m = d this is a point whose image under qyv is 

rj _ \ ^*(B ex (—2dx)), the nonsplit case, n(x) = x 

\ ir*(B ex (—dxi — dx2)), the split case, tt~ 1 {x) = {x\,X2} 

Since dimWald^' m = m + dim Pic X, our assertion follows from the automorphic property 
of AE. Namely, for the map m x : PicX — » PicX sending ,8 to B(ac) we have canonically 
mlAE^AE®E x . □ 
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Remarks . i) Our proof of Theorem |I] also shows the following. The stratum Wald^' rf is dense 
in Wald^'- rf . Besides, Wd[— dim Wald^' rf ] is a constructable sheaf on Wald^ placed in usual 
cohomological degree zero. Its fibres over points of Wald^'" 1 are 1-dimensional (resp., d — m + 1- 
dimensional) in the non split (resp., split) case for m < d. 

ii) The category P E (Wald^) is not semisimple. Indeed, for A = (0, —1) consider the finite map 

q w : Wald£<° x Bu n 2 Jgl 2 -» Wald^ 1 

It is an isomorphism over the open substack Wald^' 1 . Since the open immersion Wald^' 1 
Wald^' XBun 2 xT~iGL 2 * s a mn e, the open immersion Wald^' 1 ^ Wald*'- 1 is also affine. Let >V m ,i 
denote the l-extension of W m |yvaid£ ,m under 1|L8|). Then Wg G P E (>Vald^). So, if this category 
was semisimple, the exact sequence of perverse sheaves 

-» K -> Wi,, -> Wi -> 

would split, which contradict the fact that the *-restriction Wi lyyaid 2 '' * s non zero - 

8.6 Casselman-Shalika formula For A e A^t L write C/ A for the irreducible representation 
of the Langlands dual group GL2 over Q^. Let E be a GL2-local system on X equiped with an 
isomorphism 

{Ef 2 , the nonsplit case, tt(x) = x 

E X1 ® £^ 2 > the split case, it 1 (x) = {x\,X2} 
We associate to E the ind-object Ke of P £ (>Vald*) given by 

k e = ®Wi® L4°'~ d) 

For a representation C7 of GL2 write A\j for the object of Sph(GrGL 2 ) corresponding to V via 
the Satake equivalence Rep(GL2)^ Sph(GrGL 2 )- 

One formally derives from Theorem |1] the following. 

Corolary 3. For any U G Rep(GL 2 ) there is an isomorphism ajj : K(Au,Ke)—*Ke ® Ue- 
For U, U' G Rep(GL2) the diagram commutes 

R(Au',tt(Au,K E )) ^ K(Au>,Ke ® Ue) 

K(Au®u>,Ke) ^ K E ®{U®U') E , 
where 7 is the isomorphism 11 
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Remark 8. One may view Gr^ as the ind-scheme classifying a rank 2 vector bundle L on X 
together with an isomorphism L^-k^O^ \x-x- This yields a natural map Gr^, — > Wald^. 

The results of Sect. 8 hold also in the case of a finite base field k = ¥ q . In this case we 
have the Waldpurger module WA X introduced in 1.4. For d > consider the function trace of 
Frobenius of Wd on Wald^(/c), let Wd be its restriction to Gr^, . Then {Wd, d > 0} is a base of 
the vector space WA X . 

The space WA X also has the base (indexed by d > 0) consisting of functions supported over 
the .F*-orbit corresponding to d. The Casselman-Shalika formula in this base is given by ([3], 
Theorem 1.1), it involves some nontrivial denominators. This corresponds to the fact that our 
ind-object Ke is not locally finite on Wald^. 



Appendix A. Fourier transforms 

For the convenience of the reader, we collect some well-known observations about equivariant 
categories and Fourier transforms that we need. The proofs are omitted. 

A.l Let S be a scheme of finite type and pr : G — > S be a groupoid. Assume that pr is of finite 
type, with contractible fibres and smooth of relative dimension k. Assume also that act : G — > S 
is smooth of relative dimension k. Let £ be a local system on G whose restriction to the unit 
section S — ► G is trivialized. 

By (|5j, Lemma 4.8), we have the Serre subcategory P W (S) C P(5) of perverse sheaves 
K € P(iS) such that there exists an isomorphism act* K <g> pr* K whose restriction to 
the unit section is the identity. Let D (S) C D(5) denote the full triangulated subcategory 
generated by P w (S). 

We write (S) if we need to express the dependence on C For K € D(5*) we have 
K G Bj(S) if and only if B(K) G D%(S). 

Let (3 : S' — ► S be an 5-scheme of finite type. The groupoid G "lifts" to S' if we have two 
cartesian squares 

G 3 S 

w u 

a ^ s' 

and 

G 55 S 

qI act 

that make G' a groupoid over S' . 

For the local system (3'*£ we get the category ~D W (S'). The functors f3\ and /?* send D W (S') 
to D w (5). The functors 0* and /3 ! send D w (5) to B W (S'). 

A. 2 Let Y" — > Z be a morphism of schemes of finite type and E — > Z be a vector bundle over 
Assume that £7 acts on Y over Z, and act : E xz Y —* Y is smooth of relative dimension rkE. 
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We have a natural pairing \: E* Xz E XzY ^> & . For the local system C = x*£*p we get the 
category B W (E* x z Y) as in A. 1. 

Let F : D(Y) -» D H/ ( J E* x z y) be the functor 

rk F 1 

F(K) = Four (act* K)[rk£:](^-) 

Then i* 1 is an equivalence of triangulated categories, t-exact and commutes with Verdier duality 
(up to replacing ip by ip -1 ). The quasi-inverse functor is given by K i— > pri (K), where pr : 
E* Xz y — > y is the projection. 

Moreover, for any i"T € D^(i?* x z Y) the natural map pri(iT) ^ pr^iT) is an isomorphism. 

A. 3 Suppose we are in the situation of A. 2. Assume in addition that p : E' — > E is a morphism 
of vector bundles over Z. Then also acts on Y over Z (via E), and we have the functor 
F' : D(y) -» D iy ( J B / * x z y) defined as in A.2. 

Then we have an isomorphism of functors F' ^> (pxid)\oF, wherepxid : E* x z Y — > E'* XzY 
is the dual map (cf. j^j, 5.16). 

Acknowlegments. The author is grateful to G. Laumon for constant support and thanks 
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